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PREFACE. 


The mathematical discussions in this little book are 
quite elementary, and geometrical in character, except 
that, in three instances, two differentiations and an 
inte^ation of the most rudimentary kind have been 
used. In a very few cases, the results of analysis have 
been simply accepted ; and even of these, few as they 
are, some are given only to verify conclusions already 
arrived at independently. 


November 16 , 1894 . 



CONTENTS. 


?IiEFA(VK 


Page 
. N 


CHAPTER I. 

ON A VIBXTAL ILI^USION AFFECTING- OEBTAIN ASTRONOMICAL 
PHENOMENA. 

Diflerenca 'between spbere of vision and piano of vision— -Middle 
of moon 8 illiuuinated limb apparently pointing* above sun— 
Deccjptive a,pp<'arance of curvatures in meteor paths — Banger of 
making tlie radiant of a very sparse meteor system higher than 
the ri^ality— I)ang<3ry when using alignmtmts only, of making the 
position of a v(3ry faint objc^ct lower than the reality— Possible 
modification, by this illusion, of the apparent curvature of the 
very long tail of a comet * 1 


CHAPTER II. 

THE EFFECT OF THB EARTH’S ROTATION ON CERTAIN 
MOVING BODIES. 

Some brief historical notes— Resolution of earth’s rotation 
into F, or that about tlie vertical line, as axis, and M, or that 
about tbe horizontal m,6ridional line— Etoct of V on horizontally 
moving boclles. Some instances, including logarithmic spiral 
daesribed by homing pigeon over the sea, Foucault’s Pendulum 
postponed to Chapter IV— Effect of M on vertically moving 
hodies. * Body of high dei|iity dropped from a height ; resistance 



vin 




of an being taken m unim|mHant f 3ti|ilit^litiiiii» 

Ben^enberg, and lieielu IIcmI} of wr> biw dui*^iU fiilliiif In 
air— -Effect of M on the rate of a perfeetl) fi«*e |i*iiiliiliiiii 
Effect of Fand M tcvgether Some inHtitnee»« Tlieh flUu (*ii 
knibrnlge p^mdiiltmu Their efftad iirojertiliH iirMipotenl to 
next Chapter— Nc)tk« * 


CIIAITKR IIL 

OKVUTION OF OBOJarTim H FHOM tilt WOI \tt*m iW 
niL 1 AH no 

Thw effect b lelatively wry amall Whoh* ahift «if pomf of 
fall of projec tih^ from lotafiou of earth la ei»m|Mmiidetl of ihr*'#' 
HhiftSt vu. (a) the (purely) hmgituduml aliift, f/d th«‘ fpimdyl 
traneverae shift, and (e) the ^e«t\'VHni shift Whole filfimtioii 
of range is (a) eomhimnl with longitudinal eoinpoiifUit of fi I ^ iiml 
whole tlefleetwm w (/i) comhmed ^\ith traieuiHe « om|HUi»iil of 
(c)— Formulm for the various sliifts m terms i»f r, the MPge, li, 
the height of tiajeetory, f, the time of flight, find I, the angl#* of 
deacent— Formuho tluw t‘xpiesHed ahiuMt a|fplieitble fsi 

ballistic as to parakdie tritjeetotie,^l while tineo fiu punilMdit* 
trajectori(‘s in terms of initial vehnuty, ehniitimi of ili chargei 
and are altogether inapplicable to l«lh4ie traJ»ftoiitM 
Tabhm of ileviatiorw - Noi hh #11 


auAimm n\ 

FOlfOAttl.FH HFNmtOrM, 

Disenased separately, though belonging to t liiiplt r 1 1- Its tiidift* 
vionr a dyimnucal problem, and by no meaiiH a morr hitiettifiliml 
one— Int*^rff»nmce« witli us desittal jK»rforitiiiu«*e, liout mwie of 
snspenmon, from its own inherent nature, and from of 

air— IWmmnently impi^rtant to kf^ep its ampliltitliMif leeilliilioii, 
both anplar mid linear, as small as pmdimUe 4tiwiiie|**titly 
careful cxpt^mtnts with it quite wmriltleas, iir riitbr ilelirit# 

Mr Bunfg latw «piimenti speelaily suwwftiF Nfif «« * * . . * IH 



CONIENTS. 


IX 


CHAPTER V. 

ON THE POSITION OP THE DYNAMICAL HIGH TIDE BELATIVELY 
TO THE CELESTIAL TIDE -PRODUCING BODY. 

Fage- 

Magnitude of lunar tidal forces — The tide a wave 5 though a 
forced one — Motion of water in a wave ; especially in a tidal 
wave — Tangential, or horizontal, tidal forces greatly more 
important than radial, or vertical, ones. The latter conspire 
with the former, with a very slight exception producing un- 
important modification. The general result is almost as if the 
forces were wlmlly tangential; they shall he taken so — The 
equation, ?;= taken as granted — If undisturbed water he 
shallow,” that is of leas than the lunar critical depth, 12* 7G miles, 
the free tidal wave could not keep up with the moon. If it he 
‘‘ deep,” that is of greater than the critical depth, the free tidal 
wave would go faster than the moon — Position, relatively to 
moon, of lunar dynamical high tide? Pour answers to this, 
according as water is “ shallow,” or deep,” and without, or with, 
friction. Case of w^ater of critical depth discussed further on— 

The two answers for frictionless water can he given by means of 
a very simple consideration, viz., for “ shallow ” water the tide 
must be in such a position that the tidal forces shall he working 
with gravity, so as to accelerate the oscillation of the water, which 
means that low water is under the moon ; and vice versa, for 
deep ” water— Friction with “ shallow water shifts high tide 
forwards, and with deep ” water, backwards — Discussion of case 
in which the water is of critical depth — Shift, whether forwards 
or backwards, of high tide hy friction is greater as the coefficient 
of friction is greater ; but no finite magnitude of friction could 
make shift as much as 45® — ^l^or this and another independent 
reason the crest of the dynamical high tide cannot he, under any 
circumstances, 45° behind the moon— Solar tides — Notes .... 09 

CHAPTER VI. 

THE HOBIZONTAL” PENDULUM. 

This a convenient name ; though the Pendulum’s rod need 
not, and its plane of oscillation must not, be horizontal. — Different 

h 


COSTTENTS 


\ 

modes of suspension described, witb. some refeience to then com- 
parative advantages — ^Mode of obtaining tbe sensibility of the 
instrument without having to depend on the accuracy of woiking 
of the setting screw — Notes 


OHAPTEH VII 

THE moon’s variation 

Magnitude of solar disturbing forces producing the Variation — 
Diagiam of the Var — The Vai in elongation and in radius- 
vector— The pure Var orbit, relatively to earth and line ]oining 
earth and sun, is a compound epicyclic curve, with deferent and 
first and second epicycles — Its radius of curvature at syzygies 
and at quadratures— It is very slightly flatter, at syzygies and 

at quadratures, than an ellipse with the same principal ax.es 

Apparently new geometrical proof that the tangential disturbing 
forces, by themselves, would produce an oval Var oibit with its 
least axis in syzygies, and that the radial forces, by themselves, 
would do the same — The solar tangential forces produce, by their 
direct immediate action, only 4/llths of the Vai m elongation , 
while the tangential component of the earth’s attraction on the 
moon produces the remaining much greater pait— Some mistakes 
easily made concerning the Var — ^Notbs 


CHAPTER VIII 

the moon’s parallactic INEQUALITl 

Magnitude of the solar disturbmg forces pioducing this in- 
equahty— Diagram of the P I — P I m elongation and in radius- 
vector— The P I orbit, relatively to eaith and line joining earth 
and sun, is a peculiar epicyclic curve— Its ladius of curvature 
at conjunction and at opposition— The existence of this inequality 
pointed out, and its magnitude estimated, by Newton , though it 
had not yet been detected in his time by observation— Some 
apparent paradoxes connected with the P I , one being that the 
acceleration and retardation of the moon’s motion are alwavs 



CONTENTS . 


XI 


Page 

contrary to what the solar tangential forces are endeavouring to 
produce — While the system of disturbing forces causing the Var. 
has two axes of symmetry, one in syzygies and the other in (Quad- 
ratures, that causing the P. I. has only one such axis, in syzygies ; 
a most important dynamical difterence — In the P.I. orbit the 
tangential component of the earth’s attraction on the moon is 
never less than SvSl times as great as the opposing solar tan- 
gential force at the same point, and generally much more than 
this — Thus the immediate cause of the P.I. in elongation is the 
earth’s own attraction — Notes 132 


ERRATA 


Page 25, hue G fiom bottom, for FBH read FIID 
„ 26, line 2, for HE lead DF 
3 „ 30, line 3, loi K read 6', twice 

„ 32, line 7 fiom bottom, for lead > 

„ 56, line 19, foi (jS’oit. ) B lead 0 

„ 130, Note G- — The lelatiyo levolution of the sun round the 

earth i\ould pieveiit the dhpluity fioni incieasing 
beyond a eet tain limit 


A FEW CHAPTERS 


IN 

ASTRONOMY. 


CHAPTER I. 

OxNT A TISUAL ILLUSION AFFF.CTINa CERTAIN 
ASTRONOMICAL rilENOM ENA. 


In cotiBidering tlie visual poBitional relations of tlio heavenly 
bodies to eaeli oilier and to various given lines and planes, it is 
of course iifH^OHsary to regard them as projected on an imaginary 
spherical Burfiiec^ whose centre is at otir point of view. 

Jkit ordinary olmcirvers, and even astronomers themselves, are 
not ill the hahlt of relbrring ierrentrial objects around them to 
the sphere of vision. Hucli ohj(‘-ctH are referred to what writers 
on perspectivo call the filam of vision at right angles to the 
line of si^lit, which the eye, as it wore, always carries about 
with it. There are diferent reasons for tliis. The idea of the 
plane of vision is, in some respects,' simpler than that of the 
sphere of vision, and presents itself more immediately to the 
observer; a-nd this the more readily as it is always of limited 
ang'ular extent Besides this, all ordinary drawings and pic- 
tures are mnde on plane surfaces, for different obvious reasons. 

B 
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When tW w Kliitionar^ the* luigular «t dMimi 

Tihion IB f|iuto Hluail K\hi ii‘ tla* hi* iil!i»\u*4 ft* , mliili* 
the head bIiII tmimm Btatioaai), tha anraliit uitvn^ nl u aifii* la 
the? extent of the ilohl of vn*w ^\hu*li tnn hi* 
too much (liBtmhmg eflort, though mm It gienti'r llmii hi iMti^ h 
B tilUmall, andthereiore m Huoh eiini h the dilli ii m o 
the pliuc ot viHioti aud t!t«* h|>hc*itMd \iuoii uiit^ he |U4» I u all) 
of vcu> litth^ uuportaneo. 

Built would ho otheiwiM* if the plane «it tlMlimf \i tm imuM 
ho mad(t Itirgoi, ioi then iIh own peiBpHtue wmhl w*nali]\ 
affect the ({UcHtion* Wo nt*od not, howevei go into thiH . Ini 
if wo would <*oiupaie idtjei ta \Uio4* Imii/itiital an mho* 
diHtcUico iH too gicnii tor them to appear in lh*» ^auv liinilitit 
field of view, we imn the head, oi peihap* the ulndi ho4\, 
immd a voitical axin fiom one to tin* otliei t and ue t ai h 
hy turiiH in itn own Hepjirato hnuti*d plane of u*Hieii amt u tin!!) 
with a ver} indintinci idea of the gtomidiioil tel 4teii * hehi«* ii 
those difleroni jdaitoH. This la tin* maui * uimmiI I he illii imii 
now lu question. 

Wo may just wentiou hoie the moht *dfikiief in 4 iiiee of «aif h 
illusion, roiuriuug to it furtlH*r on, ter e^plan ition If h I In 
advaniago of houig easily olwei\ed i vei) month. If the i n ar ut 
moon ho not less than two or three fhi\s #4*1* thi tm hi ai/ lo^ ir 
sotting, tho middle of hei illuminaled limh, uliieh, *4 «eio i* 
tuniod directly towards the sun, “vull mmm to pmnt diMditll) 
ahovotho sun As the anguhu dmianee of theinmm ii*uii the riui 
luoreaHOH, the apparent diserepuney heeoiino limit* ainl, 

as the preseni writoi happens to hmiw, t om|s4iiil n^ttmmmrt4 
and mathematieiaim, who of eouise are perferfl) niiateid the 
real conditiom of the ease, will fieknowledge liiiil llnj «aiiiiot 
divest theuwelves of the feeling that the) net wall) # # I lie liinldle 
ofthomoon^s illuminated Imih to he pcittiling 
above the sum 

The unequal mising of the sun nnd the ifiooit h) rii'fieii^nt 
has uo sham in producing the illusion ; for its In 
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tho sun, which is at the lionsnon, more than it docs the moon, 
which IS higher in tho sk;^, and so to dimmish the illusion to 
a slight extent 

Ever'V groat ciiclo of tho sphoio of vision is, to the Gyo viewing 
it simply and unconnectedl}, a light line, bocaiiso tho eye is in 
tho plane of it Tho horizon is such a great cuclo, and it is to 
tho e}e a light lino , <i stiaight edge held in tho hand can bo 
applied to it and will fit at any place Not only this, but the 
hon/on piosonts itself to tho moid as cvoi} whore a right line , 
foi a leubon whicli wc shall mention presently 

J^ut if wo could diaw any other great ciiclc on tlio sidiore ot 
vision, or on tho "vault of heaven, though it, also, would bo to the 
e}0 viewing it unconnectedly xiortecily straight in every part, 
it would intoiseot tho horizon in two opposite points, while 
ha\ing some ehwation above tlie horizon at its middle part, 
thoiefoxo to tho mtnd of tho bcholdei, who is so habituated to 
dealing with lines &c as drawn on jdano surfaces, and knows 
that two right lines, as existing on such surfaces, cannot moot 
in two points, that lino would xncHont itscdf as an aich Its 
inclination to the hon/on would bo continually vaiymg, as it 
was iollowed by the c}c from end to (uid. A jioison standing 
opposiie the middle ot a veiy long, siiaight, horizontal, archi- 
tetiuial f(‘aluie, or other such lino, of suflkiont height, can 
only \\iih (lifHtuliy duest InniHelf of the idea that as he turns 
hiH head from mh to side, he m>s that lino as a curve with its 
con(‘avity downwards, since near him it piosonts itself as 
horizontal, but on oacli side us sloping down to tho honzon 
If we suppose a straight lino to lie tiaced on the sky at a 
consideraHo altitude, wo should not infer its diicction, at any 
point, immediately to tho honzon, poihaiis quite out of sight 
Jlut we should do what would ho cciuivalent that is, refer its 
diioction, at any point, to the voilical at that point, and wo 
alwa}B have a pretty accurate consciousness of tho yertical fiom 
tho sense that we have of tho direction of gravitation. As we 

ij2 
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coiiwdw, in iwewtoii, nf not t<K»gr<*at «« nltifii*l«% ! 1 p‘ liii.i 
vortical grout ciroloH wluoh w« tiaci* fot tail lolvr-^ iii ?4!ioii * oiti 
wluic iuniiug th(' Ihh!\ roimtci, wo lake llioiii ii* |i 4 i*il ol to i ♦it !i 
other, heoauKO tho\ have hot*u fiuml irl} 4 fo tlio ♦ um* aii 
oiitloolcH Blit they a!0 notualU ocm^oigitu^ ; fh«^ i i»ii <|!|oiiM‘ 
18 iliat ft Btmight lino or oiiolo traool asio'^ifloiii 

cut them at voiy pni’oplilih dilloroiit i iu?i ttsihiii 1 

comparatively ahorti diMtanoo* It o«it-< iit fliffoitot t ^ litioi 
which in one hoihc» ha\o the siuno diio*tioii. or aio jiiialhl iHm 
thmr own fashion, being all at indil an-ib*^ t * tin biiii/on, and 
therefore it HotaiH to lie enntsb 
Bat why (locH the lion/ontal gCf^t eiielo bieh 4 iit lit, ti In! if 
another inehned to it looki tuned; buh b f 

reason ia that, in looking loumi* tIuMilHt iMT tiiim liu loMd. «or 
hi 8 whole hotly, on 11 vt»rtical n\i% to thit e^ei) |mi«| nt the 
hormon has the mime directional ndathm to ouibetk, bo 
faces it Btftiiding erect, Tin* bon/oii, tlaiefaii% ihIui 4 U 
hccomc« tho mtwt gentwiil brie, tu pi nn\ it* lUihb ibn |wi*iiofi 
of an object in reftwred. But tbia k md flu* eis with lie * f| rr 
groat (urcle. Ah the ladiolder tmuH rouml fUi Iim il avTi 
which 18 nudtned to the plane ot tlmt ginif c tide, e\f ry p*oiii 
of that circle lum a ditferent relation ef dim lem to Im ifhe 4 ^ 
as ho ftinuds erect ; eouaennentl) 'i^ben the eje 1 made b* run 
round it in the ordinary wn) it seems eiirveil, 

But if, while holding hntiMdf np stringbt, !a t* to 4 

post which then wiw ineliiieil until if was iit tiHif niifb t In the 
plane of tho great circle mi w^ in ifueHtuui, iiiid if tie |fott mere 
then rotated on its axis, the familmr hori/oii liMiit liid imm 
Mmff that great circle, m he wm turned reiiiiil, mmibl fififK^r f« 
him to ho fttmight, for the «ame reason that the hwrkoii urdiitriiiH 
(loos so; nacl if he ftwl hk ntlenlitm Mf% piroimly mi Itiiil liiii% 
then thohorkoBt if uncovered, wamtd wsun to liiiii to t#e niried 
m h© wan heiag turned round* limt tliii woiiid I# *« 1 m l« 
proved by &tt experiment* Wtaml tumr ttw euriier of 4 ifuig 
©nouth room* or Itibbt^ or ami vkm the titiiMMiiii 
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or the jiinotHre of wall and ceiling, running along the length 
of the room &c. The cornice will be everywhere straight to 
the eye ; yet its visual inclination to the horizon increases con- 
tinually as the eye follows it from the nearer to the further 
end. Hold a straight rod vertically, with both hands, so as to 
visually cross the cornice ; now while the arms remain rigid and 
unmoved, in order that the rod shall he always vertical, turn 
the whole body from side to side briskly enough, keeping the 
eye and attention strongly fixed on the visual intersection of rod 
and cornice ; and the cornice will appear to be curved with the 
concavity downwards, on account of the continual change of its 
visual angle of intersection with the vertical rod. A few trials 
may be necessary in order to catch the effect, as it is considerably 
diminished by the knowledge that the cornice is straight, and by 
the observer’s involuntarily comparing consecutive portions of 
it with each other ; which latter cannot be done in the case 
of an imaginary straight line on the sky. 

To return to tlie case of the crescent moon referred to already. 
Suppose that our latitude is nearly tliat of London, say 51^°, 
and that the young moon is 45^ from the sun, which is setting ; 
and, to obtain a mean condition, lot the time be an equinox and 
tbo moon on tho celestial equator ; the altitude of the moon will . 
be 26°. If the straight lino along which tho middle of her 
illuminated limb points towards the sun could be traced on tho 
sky, its inclination to the horizon wmuld bo, of course, at the sun 
(the'compk merit of the latitude) ; but at the moon it would 
bo about 29^'°. That straight line therefore is steeper at the sun 
than at the moon by d'\ If persons who had not considered the 
matter, and even some others, when off their guard, tried to 
trace that lino by the eye, they would start from the moon at a 
a downward slope of 29^°, and preserve that slope as well as 
they could, until reaching the horizon ; just as they would do if 
dealing with a straight line on a plane surface directly facing 
them. This of course will carry them many degrees above the 
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sun But if the observer were in some unaccustomed attitude, 
say half reclining and looking obliquely over his shoulder, so as 
to obscure his sense of the vertical or horizontal diiection, and 
if all known horizontal and vertical lines were properly con- 
cealed from view, and if he had a good eye for straightness and 
s}mmetry, ho would doubtless be able, having started in the 
proper direction from the moon, to continue his trackless course 
until hitting off the sun 

Perhaps the simplest, and for some persons the most striking, 
exhibition of this deception would he when the moon is in the 
first quaiter, or “ half moon,’’ and the sun is setting Suppose 
the altitude of the moon to he, at the time, m dcgiecs The 
terminator, or boundary of light and shade on the moon, is 
straight and vertical, and the middle of the illuminated limb is 
pointing horizontally, and yet directly at the sun which is 
setting m degrees lower down If we try to follow by the eye 
the direction in which it points, we shall be tempted to trace for 
ourselves an imaginary line on the sky everywhere horizontal 
and having alwajs the same distance from the horizon, as ■wo 
should do in a diagram on a plane surface , and the result will 
he that our production of a line, which really points directly at 
the sun, will pass m degrees above the sun (Such a line, if 
traced on the sky, would be a small circle of the celestial sphere, 
and, paradoxical as it sounds, everywhere convex towards the 
straight horizon ) 

In this case the illusion is obvious, and felt at once to ho 
something that requires explanation , besides which it is not 
calculated to lead to any ulterior mistake 

But there is another exhibition of this illusion which is not of 
so innocent a character , it does not manifestly betray itself as 
an illnsion, and it has given rise to misconception It is a 
seeming phenomenon which by ordinary persons is not con- 
sidered to require explanation, because it appears at first sight to 
depend so evidently on another principle Even those who 
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iniist be aware of the actual circumstances in this case, have not, 
so far as wo know, given any warning on the subject, at least in 
print. 

Every one must have noticed what seems like the well-marked 
curvature of the path of an ordinary meteor or shooting-star, 
whether a sporadic one, such as may be seen on every clear 
night, or one belonging to a shower, provided its apparent path 
be not too near the vertical. This apparent phenomenon was, 
as the present writer can testify, very strikingly displayed (if 
this be not a bull) by the shower of Andromedids or Eielids, 
on November 27, 1872. Certain others also remarked the same, 
as anyone must have done. Any ’pictures (not diagrams on a 
star map) that we see of meteoric showers invariably give a 
decided curvature, concave downwards, to the luminous tracks. 
To most persons there is no difficulty about this ; hut quite the 
contrary. One of the observers just referred to, speaking of that 
shower of Andromedids a couple of days after its occurrence, 
remarked how interesting it was to see the curvature of the 
trajectories of the celestial projectiles duo to gravitation. 

But a moment’s consideration will show that this is quite a 
mistake. The nearest point of any of these visible tracks was 
probably not less than forty-five miles distant, the track itself 
being many miles in length. Now tlie very longest period of 
visibility that we can allow to any of those meteors is two 
seconds, in which time one of those bodies would fall, considering 
the resistance of the air, less than 64 feet. But a linear deflec- 
tion of 64 feet would be quite insensible to the eye in suck 
luminous tracks as wo have mentioned ; even supposing it to be 
at right angles to the apparent track, which will but seldom 
happen. The case, of course, is quite different of a largo 
meteorite which is seen by an observer to fall to the ground, not 
far off, after having been visible for a longer time. The illusion 
now in question is clearly duo to the constant change of the 

* These are sometimes called ** liidromedes,” as though the name of the 
constellation were Androm6. 
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inclmation to the horizon of the sensibly straight luminons 
tracks of the meteors 

It IS true that, unless the direction of the motion of a meteor 
IS parallel to that of the earth, when the meteor enters the 
earth’s atmosphere the resistance of the air will not only pro- 
duce a violent retardation of its velocity, but will cause a 
deflection and ciiivature in the path of the meteor relatively to 
fixed space But this curvature will not he visible to the ohsei vei 
This IS easily seen thus — Suppose the meteoi to bo visible, e\en 
before entering the atmosphere, the observer would see onl} its 
motion relative to the earth, the air, and himself, all regarded as 
stationary , when the meteor, with this apparent motion, enters 
the apparently stationary atmosphere there is nothing to cause 
any perceptible change in the direction of its motion , no cui^a- 
ture visible to the beholder will be produced by the resistance of 
the air in the path of the meteor (Nor will there be any 
change m the position of the apparent radiant produced by said 
resistance We mention this because the contrary has been 
directly contended for ) 

The reason why the seeming curvature in a meteor^s track is 
not gyeater than it is seems to be this, that the eye is not only 
comparing the track with the vertical, or the horizontal, at every 
point, but it IS also to some extent comparing contiguous lengths 
of the track with each other , and this tends to correct and 
diminish the illusion 

Bor this reason the more rapid the flight of the meteor, the 
less will be the appearance of curvature in its path, for m such 
cases the visible path approaches more nearly to the condition of 
a luminous line seen at once :^rom end to end, the parts of which 
can be more readily compared with each other This was well 
illustrated by many of the quick-moving Perseids of August 10 
1883 * 

* There is a detail of this illusion winch is worth mentioning It 
appeared to be very noticeable with a large proportion of the meteors ot 
Nov 27, 1872, Near the end of visibility, tbe apparent downward curva- 
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Tlio illusioH of wliiclx we now speak may easily load some 
persons into error when endeavouring to fix upon the radiant 
point of a very sparse meteoric system. 

If the insufliciontly-experienced observer has not been for- 
tunate enough to catch with his eye any of the few meteors 
pretty near to the radiant point, ho will, in producing the visible 
parts of the meteor-tracks backwards, almost certainly pass 
above the radiant, and so fix its position higher than it ought to 
he. Or, if on the look-out for meteors belonging to a certain 
kpown radiant, ho might easily refer thereto some sporadic 
meteors really coming from a different origin at a lower altitude, 
wlum perliaps it might ho im])ortant to know that, in fact, none 
belonging to tho radiant were to be seen on that night. 

(JonverBcly, wlion endeavouring to fix the position of a visible 
hut very Mnt object, say a now comet, by using alignments with 
known stars at considerable angular distances from the object, 
he may easily do the opposite ; that is, assign to it a position 
lower than the true one. From his alignments tho very faint 
object might ho found again on the following night by Jimsdf, 
though perhaps not by another, whose skill in allowing for the 
illusion now in question might bo either greater or less than 
his. 

This illusion might, with some persons, slightly affect the 
apparent curvature of a comet's tail, if very long. Some years 


tore of the nu3teor^s patli swine to increase somewhat rapidly, as in the 
ballistic trajectory of a projectile, caused by the resistance of the air. This 
also is represented in some pictures of meteoric showers. But though 
gravitation, with the resistfinc© of the air, would really produce such 
an ©Teot, it is utterly impoBsiblo, for the reason given above, that it could 
have been perceptible to the ©ye. The deception may be due, in some way, 
to the fact that the ©ye is following the apparently curved path of a luminous 
point whose velocity is being, for two distinct reasons, ever more and more 
rapidly retarded. This seeming phenomenon gives rise to another mis- 
apprehension. It makes the meteors look, at the end of their luminous 
tracks, as though they were no farther off than the falling stars of a rocket. 
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ago there was a difference of opinion between two correspondents 
an a popular scientific periodical respecting the curvature of tlie 
(long) tail of the great comet of 1882 This was, in all proba- 
bility, produced by the cause above mentioned This might be 
not unimportant, in view of the conclusions as to the composi- 
tion of comets’ tails drawn by Bredichin and others from their 
curvature in connection with the known motions of the comets 
But a comet’s tail, being a visible and permanent object during 
the observation, so that difieient paits of it can bo compared 
directly with each other, is much less liable to bo affected by 
the illusion now in question 
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CHAPTER IL 

THE EFFECT OF THE EAUTIl’S KOTATION ON CERTAIN 
MOVINO BODIES. 

It was believed by Aristotle and by Ptolemy that the earth’s 
rotation, if it existed, should affect the motion of certain freely 
moving bodies. Galileo also jjcrceived that this must be so, 
■while rejecting the particular effects contemplated by them, at 
least by the latter. (See Chapt. III., Note A.) Newton was 
the first to point out that freely falling bodies must deviate to 
the east of the vertical, on account of the rotation of the earth ; 
and ho suggested that experiments should bo made with these in 
order to obtain direct proof of that rotation. Such experiments 
were tried by Hooke, in 1080, hut with an insuflicient height of 
fall. In 1830 Edward Sang, C.E., of Edinburgh, showed that the 
earth’s rotation could be demonstrated by means of what is now 
called the gyrostat ; but he did not carry out any experiments 
therewith. In 1837 the subject was discussed, in connection 
with the flight of projectiles, by Poisson. It came much more 
prominently Ireforo the general public when Eoucault exhibited 
his famous Pendulum to the Erench Academy in Eeb. 1851. 
Shortly afterwards he devised, for himself, and actually per- 
formed, the experiment with the gyrostat which had been 
proposed fifteen years before by Sang. 

A common and popular explanation of the deflection of 
projectiles, currents of air, &c,, from the rotation of the earth, 
is that if, in our H. latitudes, a body be moving southwards 
it is all the while passing over ground which has a greater 
velocity eastwards, from the rotation of the earth, than the 
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ground wliieli it hm Etartod fiom» oi hm or«H»4 ti, nii4 i!iif 
tlicnof«)re li i« Mt Iw'luufl ii httio fowiuth tlio m tlif» ri^lit 
hand, by tho nurtaou td tlu^ gtmtiid homnith it ; iinil ff*r 
coiroHpomling oontrar\ roiHoiin, ulnnt unniiig fnuttiw iriit it will 
gam tm that Butfacio (owardM thi‘ oast, m iUll la flii* fi/|it 
hand Thw w, of coiiiw\ pinba th fru**; hut llir^ m » 

ration of tho mmidumid din<1n»n m olfiui intoiidi'd fa iiiiph, 
what. IS MUnotinHw duoofl} iloolaiod, tliat tho 
nnaitB aio not applioaldo lo hodios nnuirig m llio imM and wo.t 
dirodmn it ik wti angola tiug»»tton that if ii |iotni on lfif*iioht| 
ground aouth or nortli of an ohK< n< r ih linking towards hi*i h If* 
whon ho fnroa it* udatixd) to him aa rout ?*% with a riftnin 
angular vthn if}, a {Kurif on tho grouinl on 4 or ot Imii 111114 
he doing tlie vor}* Bimns and tlmt thorot«iro a >»iif!liioiil!} froo 
honmitaiijf-mmmi^ body immf ho loft iiohuid* to tin* tuht tii N,* 
and to tho loft in H.* Inlittidoa, in whafiwtu li/iiiiidli iluootioii t| 
may ho going; and that, othor things homg oi|Ual, iti apiHtonf 
ddloction nm«t ho tho Huno for all a/lmullw of moiioin 

Tho ponod of tho oartlda ifdatmn m, of tonr'^e. a ^adi roil nmf 
aBolar)day, tlim emitamn HtytU ot tioMii #ohir 1 11111% 

Tho aiiglo dohenhod in ono Honmd of ndor tiiii** 1*^, llnii, 
,*hKP/8(hlCU* or 15414 Boe<tmU of me, wdiieli 111 I irr niiir tiii'tiwiiin 
is 27r/K(i,l([ I, or l/i:{,7i:t*( ihiK ihoii ri'[tr< ' ciUh «1w I'arJli'. 
angular vdooity ot rotation, whu-h wo hlnll litiioto liy m. 

Tho roHolutum and ooiiiiKiwtion of rotations is aiiioiiir tho Hr t 
('Icmonta of iigid <lynaini(‘«. Tho two ftomjM.nont . ol tho o.irth's 
rotation with which wo tiro now oidirornoil an* f', or that ohont 
tho vortical lino at this ha'iilitj in ijiioNtioii as avis, wIiom* 
angular rate w u am X, X la*iiig tho latituilo ot fli»> jiI««o, uitil ,lf, 
or that about th« hori/ontal tnoriilioiwl liiui «f tho hw-alitv ns 
axis, whoae angular rafo w u coa X. (Hun Nuik A.) 

* It w latMPMttng to nolo that Ut.713 i*. itsolf, tf,a „f ,,, 

logaritliia to flv» dortiual iitaorii. Bat wo uml not altaohaa* uiviii* U 
signifloMuse to ttii* aolneldmoB. * 
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We may give here a practical illustration of the existence of 
these two components of the earth’s rotation If m IT latitudes 
a star close to the horizon he observed with a telescope whose 
eye-piece is furnished with a micrometer scale, the star will be 
found to have a motion in the horizontal direction towards the 
right (whatever vertical motion it may have compounded there- 
with) , and this horizontal motion will be found to be the same 
for all stars close to the horizon in whatever azimuth direction 
they ma} be and the angular rate of the horizontal motion will 
prove to be that of the earth’s rotation multiplied by the sine of 
the latitude , this being due to the earth’s component rotation F 
Similarly, if one observes any stars close to the prime vertical, or 
the great circle passing through the zenith and the E and W 
points on the horizon, he will find that they all have the same 
rate of motion along that great circle (whatever other motion 
they may have compounded therewith) , and this angular rate of 
motion along the prime vertical will prove to be that of the 
earth’s rotation multiplied b} the cosine of the latitude , this 
being due to the earth’s component rotation M 

Of sufBoioutly free bodies, those which are moving horizontally 
are affected b} the component F, by which the surface of the 
ground at the place of observation rotates in its own (instan- 
taneous) plane Those which are moving vertically, whether 
upwards or downwards, arc affected by the component rotation 
if, by which the surface of the ground is alwa}s being tilted 
over eastwards 

Wo shall first consider those which are influenced by the 
component F It may be best to begin with an imaginary case, 
for illustration Suppose a body started to shde on a perfectly 
frictionless, even, horizontal surface, or floor, in a vacuum If 
the floor wore stationary the body would, of com se, describe, 
from inertia, a right line thereon with a uniform velocity v Ent 
as the floor is always rotating in its own (instantaneous) plane 
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witli the angular velocity w sin and as there is no connection, 
between the floor and the body which would make the latter 
partake of the rotation, it will not do so, but it and its radius- 
vector will be left behind, and that line, if visible, would appear 
to rotate about the point of starting, watch-wise in If latitudes, 
and counter- watoh-wise in S latitudes, with the uniform angular 
velocity &) sin X, while being itself desciibed by the body with the 
uniform linear velocity v Consequently the body would describe 
about the point of starting, as pole, a spiral of Archimedes, 

whose equation would be r = —!L — e If the body were started 

from the middle of the flooi, with so small a velocity that it 
would not reach the edge of the floor for a few days, it would 
present the eunous phenomenon of revolving (with an over 
widening orbit) round the point of starting for no apparent reason 
We must, however, content ourselves with the consideration 
of masses moving horizontally under more ordinary conditions 
^ The winds afford a familiar instance The explanation of the 
uirection of the trade-winds and cj clones is now pretty generally 
known, and needs only to be mentioned The greater heating 
of the air by the sun in the neighbourhood of the thermal equa- 
tor causes that air to ascend, which occasions an indraught of 
the lower air both from the N and from the S Por a non-rotating 
earth, the general direction of these would be meridional , but 
the rotation of the earth causes an apparent turning to the right 
on the north side, and to the left on the south side, of the 
equator , thus producing the N E trades on the north side, and 
the S E trades on the south side, of that Ime 
A sufficient local extra heating of the air in N latitudes 
causes, in a similar waj, an indraught of the lower air from all 
sides, the component rotation F causes the converging masses of 
air to pass in N latitudes to the right of the centre of the super- 
heated area, which produces a vortex turning in the opposite 
direction to that of the hands of a watch lying face upwards on the 
table , the corresponding result in south latitudes being a vortex 
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turning the other way, or with the hands of tho watch. Bucli 
■vortices being called cyclones. 

Ocean currents must he very considorahly aflbctcd by cempo- 
neiit rotation K; but these arc subject to a variety of other 
important influonccH of which wc shall mention only jirovailing 
winds, land barriers, and mutual intcnforcnec. It would l:>e 
generally impossihlo to distinguish tho eflcot now in (pie^Htion 
from otlicTH, and useless to spceulato ther<.Hq)on ; except perhaps 
in one apparently simple instanco, with wlutdi, as it happens, we 
aro practically concerned. It can hardly bo donbtcMl that it is 
largely in conacquenco of component rotation F that the warm 
Gulf Btroain hears so strongly on the coast of north-western 
Europe. It may bo worth while to advert to tho following ; — 
There are five great ocean vortices. The two in N, latitudes, 
vix., iliat in tho !N- Taoiflc and that in tho N, Atlantic, botli turn 
wateh-wiso. The three in latitudes, viz., that in the H.'E. 
Padfio, that in tho B. Atlantic, and that hotw'ccn B. Africa and 
Australia, all turn counter- watch -wdse. It Beerns luglily 
probable that all this is, at least, promoted by tho earth’s 
rotation. If a groat ocean vortex w'oro duo to an oxionsiva 
currant movement of the w'afcor, produced Homaliow uudor tlia 
condition of the earth’s rotation, the direction of itB turning 
would he such as we have just moxitioned, and o|)poHito to that of 
a cyclone in the same latitudoB prodiu’od as al>ovo doseribed. 

Tho course of tho flight of migrating birds in probably some-* 
times affected by component rotation F. But m tlio conBideration 
of their case would involve some speculation, lot tis i>ropoio to 
oiirsdvas another one wHclr might actually oceur.-»-Tho keeper of 
a light-house several miles out from tho coast has some homing 
pigeons, bred by himself, which aro well acquainted witli tho 
district. One is lot go from a point on the coast ; it starts at 
once to return directly to tho light-house; tho bird is gtiidod 
solely by his sight of the light-house, and the water bcviiig pew-^ 
feetly smooth, he is without means of knowing that lie is always 
edging sideways to the right of the instantaneous straiglit line 
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from himself to the light-hoiise ho will keep his head alwaj’^s 
pointed directly towards the light-house, and to do this he must 
be continually turning very slowly towards the left, doubtless 
without perceiving that he is doing so The forward velocity 
of his flight IS uniform, and his involuntary sideward motion to 
the right will go on increasing, until the resistance of the per- 
fectly still air to that motion becomes great enough to prevent 
any further increase therein , the sideward velocity then 
has reached its final magnitude, and becomes constant, like the 
forward velocity The bird’s visible coiuse, or that relative to 
the surface of the earth, will then become, quam ^)ro% , a loga- 
rithmic spiral described backwards towards its pole, which is at 
the light-house (See Note B ) 

Let A he the point at which this has taken place If now the 
latitude he 51° 30 , that of London, and the distance from A to 
the light-house he 10 miles, and the bird’s velocity of flight be 
at the mean for such cases, say 800 yards per minute, or 40 feet 
per second, and his weight 14 oz , and the coefficient of sideward 
shifting 9 8, which we have good reason to believe is pretty 
nearly correct , then his greatest departure to the right of his 
intended straight line of flight from A to his home will be just 
about 70 yards, at the distance of 3 68 miles from the light-house 
If this departure seems somewhat small, let us lemember that it has 
taken place m spite of the bird’s constant (unconscious) endeavour 
to avoid it, and in spite of the lateral resistance of the air 
Probably there is always a sensible deviation of this kind when 
a bird is travelling to a sufficiently distant intended goal His 
flight, however, being generally over the land, the sight of the 
more prominent obiects in view would make him more or less 
aware of his sideward shifting, and thus suggest to him to make 
some allowance for it by directing his head to the proper side of 
the goal, or the left in H latitudes , but the amount of angular 
allowance necessary would depend on the velocity of flight, and 
on the latitude, and also on the bird’s own weight and his 
coefficient of sideward shifting , and it seems very unlikely that 



ON- CEETAIN MOTING BODIXiS. 


17 


instinct, much as it can do, would enable Ixixx^ to make (liu> 
allowance on account of these; though it would doubtlesB enable 
him to provide against a cross wind. 

We see, then, that the familiar expression, Ab Birnight as 
the crow flies,” should not be lightly used, witlxout clintinctly 
postulating the condition that the bird is making* duo corrtHflitni 
for the rotation of the earth. 

In the case of a railway engine and train riioxiing along a 
perfectly straight reach of the lino, the rails being porfeelly 
with each other, the sideward shift is prevented by tbe resist a ncie 
of the right-hand rail in N. latitudes, and of the 1 oft -hiiad rail 
in S. latitudes ; and it is said that the right-hand rad and t he 
flanges of the right-handwheels get more wear in N. iatit.udoH, 
on this account, than the others. 

This is undoubtedly so. We know already (see Note B) that 
the expression for the pressure P against the right-baiul mil i» 


P=: 


2vu) sin X 
</ 


W; 


. ^ (I) 


in which v is the velocity in feet per second and W t-ho weight 
of the moving body (sec Note B). Por an engiiu^ going at 
30 miles an hour, or 44 feet por second, in tdio latitude of 
London 51° 30', this would be l/()410th part of its wtdghi, imd 
if this weight were 30 tons the whole pressure would be 1 0''48 lb, ; 
and this would have to be distributed among all the riglit-liiincl 
wheels. The effect, then, is so small that it mush be uudifiiin- 
gnishahle ; as it would be altogether overborno and jniiBkod by 
a gentle cross wind, or by a diflbrcnco of level bet woo n iho riiilH„ 
say 4*71 feet apart, of only l/lOOth inch ; or by a ourve 

in the line of 60 miles radius ; not to mention othor eauBtm of 
unequal wear on the two rails* 

It is said also that rivers in N. latitudes must, for the mime 
reason, wear away their right-hand hanks slight ly luora tbiiii 
their left ones. This is undoubtedly true ; but the offfeet is 
utterly imperceptible ; not only because the groatont velocity of 
a river flow is relatively so small, but also on acocnant of the 
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incalculably greater effect of various other causes of ineq^uality 
in the erosion of the banks 

Among moving bodies influenced b^ V must be mentioned 
the famous Poucault’s Pendulum, but this is deserving ot a 
chapter to itself, which we shall give it 


We now come to moving bodies which are affected only by 
the earth’s other component rotation Jf, that is to say those 
moving vertically, whether upwards or downwards Just as in 
IN' latitudes, a sufliciently free body, projected or moving aw a}' 
horizontally from before a spectator standing vertically, will 
deviate towards his right, so if gravitation could be neglected, 
to a spectator Ijing horizontally in the meridian in N" latitudes, 
with his feet to the south, a body projected away from before 
him m the plane of the prime vertical will deviate to his right, 
owing to the rotation of that plane in itself with the angular 
velocity wcos X Gravitation alters the case, except for a vei- 
tical discharge or movement If the observer lie on his back 
- and discharge the projectile vertically upwards its deflection 
towards his right is one to the west If he lie face downwards, 
say at the edge of a mural cliff, and discharge, or simply di op, 
the body downwards, its deflection towards his right is one to 
the east 

We shall here discuss the latter, viz , a body dropped fiom a 
height That such must deviate to the east of the plumb-line is 
easily seen otherwise thus A point on the surface of the ground 
is moving eastwards, from the rotation of the earth, with the 
linear velocity Ea; cos X, E being the earth’s radius , but a point 
directly over if, at the height A, is moving eastwai ds with the 
velocity (E-h^WcosX The latter is therefore moving east- 
wards faster than the former with the additional velocity cos X , 
consequently a body simply dropped from the upper point will, 
at its fall, have left the lower point behind it towaids the west 
This deviation, of the body towards the east, if the resistance 
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of the air to the falling body be neglected, is given by the 
equation 

S=:§7ito) cos X, (2) 

which is, for same 7i, one fourth of the Westwa7'd S7iift in the 
Chapter on the Deviation of Projectiles (since, for same 7i, this t 
is half the other). (Por proof see Note C.) It being in a vacnuni 
Ji=::^gf^ and the above expression for this deviation can be 

written |a^ tl — w cos X, as it usually is. 

A body dropped from a height must have also, as is evident, 
and as was pointed out by Hooke, a very small deviation towards 
the south ; t7iis is not produced by Jf, but by the horizontal 
(southward) component of the centrifugal force of the eartlfs 
rotation being greater at the top of the height of fall than at 
the ground (except at the equator, wliero both are zero). Its 
magnitude, which is easily obtained geometrically, is only 

^7ifu/ sin 2X, or | --- sin 2/\ ; neglecting the resistance of the 

air. The presence of in it shows, at a glance, that it must 
be excessively small for all practicable experiments. In that of . 
Guglielmiui, mentioned below, it would be less than 1 /30,000th 
of an inch. (The formula now given agree with that of Prof. 
Partholomew Price obtained analytically.) If, in tho analytical 
discussion of tho deviation of a falling body from the vertical, 
quantities of liigher ('i. e, smaller) orders of magnitude than the 
first are neglected, this component of it does not emerge into 
view. A body frojected vertically upwards is not affected in t7iis 
manner, either in its ascent or descent. 

Experiments have been carried out by various persons to 
detect the deviation of falling bodies from the vertical owing to 
the rotation of tho earth. Por instance by Gugliolmini, in 1792, 
in a tower at Bologna (lat. 44° 30'), with , a height of fall of 
241 feet; by Benzenberg, in 1803, in a tower at Hamburg 
(lat. 63° 33'), with a fall of 234 feet, and, in 1804, in a coal- 
mine at Schlebnsch, Westphalia (lat. 61° 26'), with a fall of 
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262 feet, and by Eeich, m 1832, in a mine near Freiberg, 
Saxony (lat 60° 53'), with a faU of 488 feet These experi- 
ments, espeeiaUy those of Eeieh, were, as far as regards the 
eastward deviation, satisfactory, considering the delioacj of their 
nature and the great difficulty of avoiding various causes of in- 
accuracy, some of which could produce disturbances often very 
much greater than the deviation to bo determined (^Soc Note D ) 

It is self-evident that, the height of fall being given, the 
astward deviation will be greater if the time of falling cun be 
made so in a proper manner Therefore, for given \ the casi^ 
ward deviation is greater in resisting air than in a vacuum 
( But ve shall find in Chapt III that this last is not the case 
with the westward deviation of the point of fall of a body 
discharged vertically ) 

This suggests a more convenient method of can}iiig out such 
experiments as the above By mahiug the falling body dcbceiid 
slowly enough we can obtain an eastward deviation, g, largo 
enough to be satisfactorily determined, with very much smaller 
heights of fall than those mentioned above The falling body 
might be a sort of parachute, veiy easily designed and con- 
structed, which, like a shuttle-cock, would be kept rotating about 
its vertical axis by the resistance of the air If this wore such 
that it would descend with a uniform velocity, v, of three foot 
per second, it would have, with a fall of only 80 foot in the 
latitude of London, a deviation, g, to the east of just over ono 
inch, allowing a little for the lateral resistance ot the air This 
deviation is 17 times as much as if the fall had been in a vacuum, 
and probably 14 times as much as that of a hullot lot fall in air. 
In tins case the equation is 

cos X y • • • • • 

the 2/3 of equation (2) being now unity (see Note E) Since 

t IS here Txjv^ this value of o is oosX Therefore, for the 

same parachute, the deviation varies as Observe the last 
paragraph of Note 32. 
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The parachute might bo an inverted cone, about three inches 
in diameter, com^^osed, say, of tracing-paper, and furnished with 
two very small wings opposite each other and set obliquely so 
as to cause rotation. If the vertical angle of such cone be 90°, 
or a little less, it will descend steadily with the velocity mentioned. 
It should, of coxxrse, be made to descend within a chimney-like 
box, to protect it from movements of the air ; and this should 
be in a suitable place inside a building ; so that there might be 
no convection currents within the box, caused by inequalities 
of temperature on different sides of it. It would probably be 
impossible, except by accident, to make the parachute so sym- 
metrical about its axis that it would not be slightly deflected 
from its proper line of fall by the resistance of the air. But 
because of its rotation it would descend in a cylindrical helix of 
very small diameter, the axis of which would be the mean line 
of descent and the actual line in a vacuum. If a largo enough 
number of experiments were instituted, in which the parachute 
was made to start with the same side in different azimuths, the 
small errors arising from the semidiameter of the helix would be 
self-compensating. The very small lateral resistance of the air 
would, of course, slightly diminish the lateral deviation from 
the rotation of the earth. 

A free pendulum (that is one free to swing in any direction, 
like Toucault's Pendulum, and unlike a knife-edge pendulum, or 
that of a clock) is affected, as to its rate of oscillation, by its 
sharing in component rotation M, It is, whether it be hanging 
at rest, or oscillating, rotating about the meridional horizontal 
line through its point of support, with the angular velocity 

cos X. There is, theroforo, a downward centrifugal force, as 
we shall express it, acting on the pendulum at its centre of mass, 
Which, taking the mass as unity, is cos“X ; r being its mass- 
radius, or distance of the centre of mass from the axis of rota- 
tion* It is evident that if the plane of vibration be E. and W., 
this centrifugal force, though apparently conspiring with y, will 
not increase the rate of vibration, because it is always directed 
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along i ho ponduluiu lod* it h not |mralh*I with llir 4iii*ctitni of 
r/, o\eopi iiH idontalh , at llu* lUHtant llio poiiilnliini i, hI 

tlio lo\\ cht pond (\HihO(|uonilv the peiitMl id a fieti fioiifiiiliiiii 
8\Mnging K and W h not nflettecl h^ it^ ridalion nillt 1/ 
Ikii if the ]dfUio of awing he m tlie nieinhain the ciodtifteoil 
foico duo io the rotation oi that plain* ahoul tin* Inuj/onhil N 
and H hue through the point of MiHpeuHion « ahu^iH leirallel to 
iho dnedion of //, and not in tin* line of tin* ptunluhim lial . 
e\oept at the instant when tin* peinluhun m at the h»ui^*4 pmiit* 
liiHahvajH piopoHional to tin* distaini* i»f the milie of iiiiu^ 
tioin the aaid a\iH (d ndation * hut if tin* aniplilude of inuiir of 
the pendulum he \i*iy mnalh as it ought ahui)H to he in the 
Bcientifie tine of the peiniulunu thm rnwei ddliT^ ^ a iMhh tiom 
The pemluluiu, theu*fore, is oscillating, ind simply ninlir 
acting at the ccmtie of inaHH, hut ah o uinh*! tin* pnialhl. fcui 
f^pinng, and neuMihly cotmtant et*ntrtlngiil tons* na eo S, iieting 
at the Bame centre (the muBH is atill takmi as unity I, It is wn 
cany io Bee that if tin* piano of Mlnation he mi hi tin* nn inlinii* 
hut ineliiu'd thereto at the a/nnutli angle nhtdi 

for t ho timcU of the vibration of lint fnv pi iidiiUinn iiet 

issTTA /- Imti (Hee Norn F) « 

V 1 / , 


It 

»r\ / I*— ^ i 

V </ 2^ 


coH^ k ctm j i /n o»< , 1 1 1 


If then the free pendulum'H radinH of owlliition i hi* tlint of i 
KoeoudM pendulum, it will gain, in eonBeipietice of tt?i mn iidii 

tion With i/, eos'^^X ooH 3r Her* in e\ery wing. It In iiig ii 

FoucaulFa Pendulum, ita plane of \ihratioii will ndate it! iliioH 
to the material Burfaeo of the ground once in 21 *-id«*reiil hoiii^ 
/sinX, Therefore ita rate of gaining i« eonalfiiitly mtjitig froiii 
yero to ite maximum, and bach again, wil!i fi perioit of 12 
sidereal hours / sin X. 

If the pendulum is osoiUatlng inorhlionidlj at llie ei|iiiit«r 
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(whore it will retain its azimuth of oscillation), so that the gain 
shall he greatest, and if r ho 37 inches, which is perhaps a fair 
mean value of it, the gain will ho at tho rate of one second in 
125 years. Of course the practical xinimportance of this does 
not detract from its dynamical interest. At the poles of tho 
earth, where cos'*^ \ vanishes, tho vibration period of the free 
pendulum is imaffceted by the rotation of tho earth. 

We now come to moving bodies which are affected by both 
components, F and i/, of tho earth's rotation. 

Borne of the movements of tho atmosphere and of the ocean 
must be modified by V and by M at once ; each making its own 
special contribution to the whole effect. 

There is a phenomenon which must ho largely duo to both 
components of tho earth’s rotation acting together as auxiliaries. 
There would appear to be, in equatorial regions, a continuous 
current from E. to W. in the upper parts of the atmosphere, at 
tlm height of 20 miles or so. The peculiar sunsets which began 
with the groat eruption of Ivrakatoa, in 1883, passed thence 
successively westward round the equator. It was evident that 
their cause was, at first, of limited extent, and that it was 
travelling in tho direction mentioned. Before it became too 
diffused and widely spread, several passages of it round the 
equator could ho distinguished, showing that it completed tho 
circuit of the equator in about 13 days. It sooma impossible to 
account for this but by tho great cloud of fine dust from that 
unusually violent eruption ; such dust being known to be capable 
of producing such effects. That dust must have been carried by 
a continuous current in tho. upper air over tho equator from E. 
to W., at the rate of 70 miles per hour. It is obvious, 
from what wo have seen respecting the trade-winds, that V and 
M would both conspire to produce this current, helped, no doubt, 
by the daily revolution round the earth of the sun’s heating 
effect on the atmosphere. 

We now turn to the pendulum swinging on knife-edges. This 
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IS affected by as to its rate of oscillation, precisely m the 
same manner as the free pendulum, consideied above, ^hich has 
for the instant the same azimuth of oscillation , hut, unlike the 
latter, its rate is affected by F also The plane of its oscillation 
rotates about the vertical line through its position of rest with 
the angular velocit} w sin X This produces, in this pendulum, 
a centrifugal force directed away from the pendulum’s position 
of rest, and opposing gravity Then for veiy small amplitudes 
of oscillation, we have for the time t of the knife-edge pendulum, 
as affected hy both components, or the whole, of the rotation of 
the earth (see Note Gt) — 

£ 1 1+ ^ (sm'® X— cos" X cosr) | . (5) 

If always made to swing in the meridian, it will gam at the 
equator at the same rate as a free pendulum so swinging which 
has the same Z and r , and it will lose at the poles at that same 
rate (though of course the free pendulum will not do so) , and 
at latitude 45° its rate will he unaffected hy its rotation with 
the earth. In general, in order that the knife-edge pendulum 
should he unaffected by its rotation with the earth, its piano of 
vibration should have such an azimuth z that cosssstan-^X 
This relation is, of course, impossible lu latitudes higher than 
45° , therefore in such latitudes the knife-edge pendulum must 
always swing, because of its rotation with the earth, more slowly 
than IS due to the length of its radius of oscillation 

We see that two pendulums with the same calculated Z, or 
radius of oscillation, a,t the same localit} , and with parallel planes 
of oscillation, will not go together with perfect accuracy, on the 
rotating eaith, unless they have also the same ^ , or mabs-radius 
If the pendulum he a straight uniform rod, it will have the same 
Z, or calculated radius of oscillation, vu , two thirds of its whole 
length, whether it be swinging about one end, or about a point 
of tnsection , but its r will be three times as great in the former 
case as in the latter, and the rate of gaming will also ho greater 
m the same proportion. 
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We see also that, in consequence of its rotation with the earth, 
the point of suspension and the actual centre of oscillation of a 
pendulum are not interchangeable ; except under the condition 
that the centre of mass is halfway between those two points, 
which, of course, is a quite possible condition. 

The present matter would be of no practical importance in the 
ascertainment of the value of g by pendulum experiments. Still 
it should not be passed over altogether without notice ; it ought 
to be at least mentioned, if only for the purpose of pointedly 
excluding it from couwsideration. A difference of one hundredth 
of an inch in the height of the barometer would be taken account 
of in obtaining the value of g by the pendulum ; and it is by no 
means self-evident beforehand that the rotation of the instrument 
with the earth has less effect on its rate of vibration than that 
apparently quite insignificant item of consideration. 

The apparent course of a projectile is affected by both com- 
ponent rotations, F and M, Eut it will be better to consider 
this separately in the next chapter. 


Note A, from p. 12. — In Eig. 1 let the circle be the outline of 
the earth, P its north pole, and C its centre. Let D be the 
situation of the place of observation at a certain instant, and 
PDA the meridian line of said place, DEG being its parallel of 
latitude. Suppose that the rotation of the earth about its axis 
PC, in the direction indicated by the arrow, would carry the 
place of observation from D to E in one second of time. Draw 
tangents at D and E to the surface of the earth in the meridian 
planes of those points, meeting the production of the earth’s 
axis in H, and complete the diagram. The angle EDH is evi- 
dently the latitude of D, or In one second the earth has 
turned through the angle AOB, or DEE, or ii>. But the hori- 
zontal N. and S. line through the place of observation, now at E, 
has turned only through the angle DB[E. Now the angles DUE 
and DEE, being both exceedingly small and with the same sub- 





TiiL m'Ficr 'iiir rvurns nuiuni»f 


teUBO, m wa may aiill it, thay ara mvarHah jirapmimiial tu tin ir 
radii lIDaud HF, or diuadl} ah hin X to I, Hiriafnii* iii «iiio 
m^concl tlia faiaof tha giountl at tha |daaa of oliHTuitum lian 
turned m itn own plana thiough wain X. 


hm F 

H 



Again, on and (JK produaad arc» vartiaa! HofM it |l luifl K. 
Tharerora, in tha wiina lima, tha vailiaid lino ut iln* |4iiaa af 
ohheivation huHtimiad aantwatth nhout tha lioii/onlut N* 4 iid h 

Imp, ftH axiH, llii.mgh IKIK, N.iw IK'K ttml ACIt, Im.hpx I.,.th 
pxopodnigly siiuill niul witli Pi]tiul nulti, ttipy 'irt< to iiu*h otiirr 
(liroctlj iiH their mihieriMw, or !m FI) to <'A, th it h wi nr X to 1 . 
Tluiroforo ill 0110 Nopoiul t ho vert icnl lino at the jiIhpo ot olmr 
TOtion haa turiual oaHtwarda nlmiit the N. nitd F, Uoruonta! Jmo 
at that plueo im axia, through w (oaX. 

Noth B, from p 1(1.- Firat lot tw pnm* the following, t»i In* 
used again in p. 17. A perfretly freo hody ia mining hmirm,. 
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t.ally, always directly away from its atarting-poiat,. Its radiua- 
vcciar, or tlaj liat^ fnan that point to itself, will have, iii N. lat-;*, a 
aiiifonii angiihir velocity of cletlectiori to the riglit, relativ(‘ly to 
the grcnmd hencsatli, the magratucle of which is w sin X. Now let 
file Icody have tla^ linifonii velo<'it.y v along it:H radiua-voctor r, 
HO that f'rtaef, f being f!i<! Icmgih of tlie time of the inovcnnent. 
The vciocity of thc^ Hiunir sideward nhifting of the body is 
rwsinX, or e/w sin X ; it therefore incrf^ases tuuformly witli the 
inie, that is with a eonsiant acceleration, which we shall call a. 
The linear spare deserihed in the first second of time under this 
(‘onstant acca^lt,‘ration is cwslnX. Tlu^refore a=3 2e(asinX, per 
sec,, per sec. 'Multiplying the right side of this equation by w, 
tlie mass of the body, and the left side by the eiiuivalent W/(j 
(W being the weiglit of tiie lK>dy and r/ gravity), we have for 
mn^ or the apparent sideward puli on the body, or F, 


F aa 


2fua sin X 

— — — - w. 

if 


Tlio rightward sidling of the body, rolativcdy to the ground 
heneatli it, is as tliongli it were produced by a constant force or 
pull F, of the maguitudcj now given. And if that sideward 
shifting be stopped by some impediment (Huch as the right-hand 
riiil in the ease of a. railway train in N. kts.), tlio forward t; 
remaining tiie same, the body will continno to press against the 
im|«dimtmt witli that force F. 

Now if the impadinumt be that of the rosiatan,oe of the air, 
the body’s, in tdiis case tlie pigeon’s, sideward motion will at first 
increase, until the eonsaciuently increasing roaistaiioe of the air 
to that motion becomes aaF* The sideward velocity then 
becomes uniform, like the bird’s forward velocity along the 
radius-vector. 

I4:)t $ be til© sideward shift in one second when this has taken 
place. Then t/v is the tangent of the angle between the tangent 
to the curve and the radius-veotor, at mj point of the curve. 
That angle is then constant ; and this is a distinguishingproporty 
of the logarithmic spiral 
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rv J.V S 0 ilB ^ S (h 

Ur ttiiis— ~ IS o\idont, or dOss: ^ • whence 

s 

e = - log ? + C' , C being a constant which wo do not now \v ant 

to determine Thus when the sidowai d \(docit} bcc<niif‘M tmifbi m 
but not until then, the curve settles into a loganthnuc spnal 
whose pole is at the starting-point 
Now suppose the hiid to do tlu^ opposite, vi/*, to llv tovards 
a given point with the velotit} v, always tutmng so an to keep 
his head directly towaids the point, notwitlistancling his crai- 
tmiial shifting rightwaids from the rotation of the caitlu It ih 
easily seen that ho will dcscriho a Hirmlai spiial backvuirdH; the 
polo being at the goal-point In Pig 2, Aa and in are intendeil 



to represent v, ah and cd to roprosemi h As m p I (1, A is not 
the pigeon's starting-point on his horncmaid flight, hut the 
point at which his sidewai'd shifting has h(‘coine constant. For 
clearness this figure and the next have been dra^vn altogidPer out 
of scale L is the light-house 

Tho equation 0= -log» + C, though pcrfoclly accunito if the 

problem, as stated, he regarded as one of ahhf.rnc-t kint'maficH, 
will, foi certain obvious dynamical roasoim, not Im n>nh/ahh* m' 
the oonorote case of the pigeon for dwtaneoa too noar tho polo 
If the logarithmic spiral A bd were produced bfK.kwimk towards 
the pole L, it would mako an inflnito number of tunw round the 
pole before reaching it , which, in aocordaneo witli the atatemeiit 
of the problem, would have to bo described by tho bud in a very 
short time Near tho polo tho bird could not, and would not if 
ho could, do as we have proposed for him Hut for tho distniK'OH 
therefrom with which we are now concernod wo cannot doubt 
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that he would do so ; and his departure from the logarithmic 
spiral due to his inertia (for there would be such) would be quite 
insensible. 

Let us assume that the resistance of the air to the transverse 
velocity is proportional to the square of that velocity, and there- 
fore to s^. The resistance due to the final transverse velocity 
being, as we have called it, F, ; in which Z" is a con- 

stant. We know the value of E from the above ; that of K can 
be ascertained only by experiment^. It would appear that it is 
just about 9*8, if the weight of the bird be expressed in ounces. 
The approximate correctness of this has received a certain satis- 
factory confirmation. We have then 


s=9-S\^- 


2vtj) sin XW 


ft., or 9*8 


x/ 


'2x4()x sin 51° 30' X 14 
13713x32-2 


it., 


which is 0-4366 ft. ; and s/v, the tangent of the tangential 
angle, is 0-0109, or 1/92, very nearly. We neglect the quite 
unimportant effect of the difference of latitude between A and 
the light-house. 

The greatest departure of the pigeon to the right of AL is 
easily obtained very approximately in this case. Since s/v is so 
very small, it differs very slightly indeed from the circular 
measure of the angle 38', of which it is the tangent, and also 
from the sine of that angle. If DB, Eig. 3, be the greatest 
distance of the curve from LA, the tangent at D is parallel to 
LA., and DLA is equal to what we have called the tangential 
angle of the curve. DB, which we wish to ascertain, is 

LB™ or (as DLA is so very small) LD q^mm ox, How 

* Experiments were made with a falling inverted cone of light paper esti- 
mated as presenting to the air through which it moved a horizontal areal 
section eguivaUnt (not equal) to that of the side aspect of a flying homer. 
The coefficient K ^s the number of feet fallen through by the cone in one 
second, after attaining its final velocity, divided by the square root of the 
number of ounces in its weight. 
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let 6 be the angle between LA and the selected axis or prime 
vector, wherever that may be, and O' the angle between LD and 

the same , then we have d= - log LA-f X and d'=~ log LD + A" 

V V 

Theiefore d~-6\ or angle DLA, or <7 pr 

J. J. 7 ^ 

= i(logLA-logLD)=^"]ogJ^, 

thus f =f log^ whence log— =1, which is the logaiifhm 

of the base of the system of logarithms, m/ the Napcnan 
Thus LA/LD=that base , and LD is 10 miles /2 7182.'^, or 3 (JS 

miles, and DB is this x ^ (t « by which is 70 yaids, voiy 
nearly 



f ^ —Though the following geometrical proof 

of this, by E A Proctor, IS on the same lines as that given in 
. ap III , Note C, for another deviation, we may consider it 
here on account of the use to be made of it in the next Nora to 

«r,?i t’ ^ Its centre, 

and let a5 be the height of the fall The body, ready to drop 

rom a, has been describing the continuation of ea beyond « 
the (absolute) curve ad under the force of gravitation directed 

had hire Cas It 

whenl' Suppose 

that when the body has reached d, the top of the height of f jl has 
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roachod e; draw eO. "We can see quite easily, il priori, that cd 
and ef are so cxceodingly small, relatively to ah and he, that the 
proportional difference between ee and ef may ho neglected with- 


Fig. 4. 



out sensible inaccuracy. Now tho areas aOe and aOd are equal, 
as describahle in tho same time ; and therefore taking away 
the part common to both, aef is equal to fOd. Then, since 
abce is sensibly a rectangle, and, as wo have said, ec may bo 
taken for ef without apprcoiablo error, wo have, from a well- 
known, property of the parabola, I x x cd ; or l/diw cos \t 

; li being the earth’s radius. That is to say, h = ^hh) cos X. 
Q.EJ). 


Noto I), from p, 20. — This Gugliolmini must not be confounded 
with the distinguished physicist, with the same surname, also of 
Bologna, who died in the year 1710. Ho described his above 
exporimonts in a work I)e motu ternn diurno, Bologna, 1792, 
quoted by Delambro in Astron* T7ieor» et I\at tom. ii. p. 192, 
Bori^ienberg described his experiments in a book VersucJie uher 
da$ Gmtz des Falles, Dortmund, 180.4, and in Versmhe ilher die 
UmdnJmng der EnU new berechnet, Diisseldorff, 1845, Por an 
account of Ileioh^s EallversueJie uber die Umdrehung der Erde, 
see PoggendorfE’s Annalen, toL xxix, 1833, p. 494, as also 
Iloiiers Ee deviatione mendionali cor^orum liber e cadentium^ 
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XTtrcclit, 1839 ThiH oxponmcni has bensi trusl nlno at Voniors 
in Belgium, and doubilean elaovAhen^* 


Noth E, from page 20 - Thm can he reiidilj seen tlius fit 
Fig 1: the curve ml ib aonHihly a paiahola ; bui now as I In \ eloeit v 
of (loRceiii 18 uniform, mi is Hcnbibly a nglit Hm* (hut of ctnirw* 
much longei than hofoio foi tlu" sanu' ah). luea //f V w ntill 
cipial to a(\' , hecaUHC the K^nistance of the air on aUiu It tl 
doponds IB BiUiHihly (though not ucematt*]}) a eeatral forci% 
though diretied from (\ and er/, whith we ha^e agrets! to t il«* 
as ecf, iH now one half ot (thxhi\ uihlead of mie tliird of it , 
consequently the eipiation (2) hecomes vAhtMims X* 

Of courHc tlu* paiaehute, after being led go, a\i 1I not attain ifn 
final and constant velocat} until it Iihm iallen a nhort flistiniee j 
m the piesont ease about one foot This uill make the lemilting 
deviation Icbs than what h given m foiinuIaidK |ust dmnon^ 
atratod, hut, for a fall of HO feet, or mote, (lie ditfereneo m ho 
small, proportionally, as to he quite unnnpoitant. 


Note F, from p 22 —The ahnolute ccntnfngnl fmce lieing, ns 
•wo have said, r(/ coH-^X, if the plane of \ihnitnm he inelined to 
that of the mendum at th<^ a/amuth angle r, tln^ effeetne pait of 
iheef will he (HiH^X ooHZ, and the peiuluhnn mull wnihite 
under coh^'X coax, acting at the centre of tmm and 

parallel to (j Tbeieforo the time of \ihriitmn of the fris* 


pendulum is not tt 


V;,+ 


/ 


( oh“* X cos s * 


which can be written, qmtm pmx , as equation (4) in text* 

Note (I, from p* 21 -It is easy to ace that for very itiitil! 
amplitudes of oscullation the tangential component of thee* 
now m question, acting on tln^ centre of maws tiivay from the 
position of rest of the pendulum, is KmuB. This tfiwi 

acts at the same point, and according to the iaine law of dintiiicii 
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from tlie point of rest, as the tangential component of gravity, 
or (j sin 0. Therefore, while in p. 22, and in Note P, cos*'^ X cos 2 : 
had to be added to r/, now siii*^ X must be subtracted from their 
sum, making r/+ rw‘‘^(cos‘-^ X cos s— sih^ X). Therefore the time of 
vibration of the knife-edge pendulum, as affected by its rotation 
with both F and If, is 


Vi 


y +rw\cos‘^ X cos 2 — sin^ X)’ 


which can bo written, ([uam jpr ox,, as equation (5) in text. 
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CHAPTER III 

DEVIATION OF I'lIOJKOTlEEH I-TIOM THE ItOTATION O}’ 
THE EAH’lTl, 


Tiuh intc'K'Himg Hulijccf, llumgh r'tnuuig uiuIit tlio tif 

tho lant chaptor, w'cinH ^vc)l•lhy ot hunng a rlmptcr to itMlt, 
It w ticatad iiniicrfwfly in ali'jni'nlaty litmkM, , winch caiiiii>l 
afford to give it tho amount of Mpneo llini could ho (lc<,iicrl. A 
BoraoUmcH important factor of tho question, vi/ , the nest ward 
shift of tho point of tall of the jiroji>clih' from the eaith's 
rotation, is usually ovotloolwd; ami thu smmitimct giien 
occasion to cortam incorroot HtatemeiitH (k(‘o foolnoto, p. Il*i; 
hcBulos which, ill tho works just referred to the nlteratioii of the 
rangoof the proioclile’s flight, hy tho rotation of tho e.iHh is 
iioglocted altogether. (Hen Notu A.) 

Tho present subject, though a veiy interesting one in ifs,,|r, U 
of hut little jirechcof imjiortnnee. Tlie effeets with which we 
arc now eonoeiiied are so oioihoriie and masked hy other dislurh- 
anoes of aceuiacy in tho intended lliglit of ]tri<jeelihv, that they 
may ho not even mentioned in a rnoditrn text -hook id gmiucr). 
They aro, howevei, leeogiiired hy the Hoyal Artillery inslilutiou. 

It IS hardly imeeHsiuy to observe that the deviation mm m 
question is, imliko tho others, only apparimt, and relative to iw s 
like tho rising and setting of tlie sun. It is not the jirnjeetile 
which departs from its eimrso in a certain diieetion, hitt tho 
earth which turns beneath it in tho opposite direction. 

Tho principle concornod m tho doiiatiou of projeetiloa from 
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tlie rotation of tho earth depends on the existence of the two 
components of tho earth’s angular movement of rotation, which 
we have considered in Chapter ^ II, The component of the 
earth’s rotation which has the vertical line at the place of dis-* 
charge as its axis wo have called component rotation F", its 
angular velocity^ being (*> sin X ; that which has the horizontal 
meridian lino at the plaeo of discharge as its axis, we have called 
component rotation ilf, its angular velocity being wcosX. Ve 
shall now consider the apparent effects of these separately on 
the projectile’s motion. 

The net effects on the projectile’s motion consist of alteration 
of range and lateral deflection ; hnt these do not correspond, 
respectively, to the two causes just mentioned. The orderly 
arrangement of this subject presents, therefore, a slight difficulty. 
The simplest and most convenient division seems to he that 
presented in the following summary. 

ISr.B, The resistanco of the air is provisionally disregarded ; 
hut wc shall consider further on how it affects the applicability 
of the following formulae. 

Swmnary , — The shift of the point of fall of the projectile from 
what it would he for a non-rotating earth is compounded of 
three shifts (a\ (h), and (c), which can be considered and 
calculated separately, viz. ; — 

(a) The {[Mrelj/) Lmgitadincd Bliifi. This is directed along 
tho lino of projection. The alteration of range is an increase, or 
a decrease, respectively, according as the direction of firing has 
in it any easting or westing. Therefore, except in firing due S. 
or H., when it is zero, it always has an eastward tendency. 
Other things being equal, this varies as tho sine of the azimuth 
of projection. Like (5), it is proportional to the range and to 
the time of flight (hut it depends also on tho angle of the pro- 
jectile’s descent), like (o), it is due to the earth’s component 
rotation Jf. 

n 2 ‘ 
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(h) Ttttn{tv(rHe Sh(fi tii aiutlc^s io tlio Iiiip 

of projootioru It mu dolI<H*lU)ti to flu'nulif Imtul lit N ,imi\ 

Mi lu B latiiudcH Oilu^i thuH 4 « ihm h tlio 

foi all azimutliH, or liou/ontul dirortuaw, of projtadatiu It r-i 
laopoitional io tho rango and to tho td It a fti 

tlio oaith'H coinpfiTuaii Kotiition I 

(() The \V<ntwned ><hiU Thn is dnodrd dia* W , Indli in X* 
and m B latiiudos Othor thnn^s 1 h*uik thw ih tlio himu* 

for all a/amuiliH ol projection* It ih piopintioind to tlie 
ot tho liajtHdoi} and to tho tinu* of tliglit. Foi tiring X* t*i B*, 
tliiH iH, of couiHis wholly a irnnhvoiso hIiiI! or doflootnin ; for flung 
K. 01 W , it iH \\ holly ii longituthiml i-luft, tw dltcantion of rnngin 
Bui of courHO, in gciuTal^ Huh nlutt 1.4 hoth a drtloctuni and aii 
altoraium of range. Tho jiltoiation of range unohiil in it, 
whether imucaho or decroitHO, m always oppoi^itf^ to tho pniolv 
longitudinal ahift (o), Tho dothadnni ui\uh(Hl in it u to Ito 
added io, or «uhtnict(‘d from (A I, arn'ording to eucntn-' 
BtanccH* ThiH Hhitt, like (n), m clue to the cauth's eoniprniiiit 
roiatiou M; hut it dopinnk tlMUeon in a totall) ilifloniit 
manner; heing eonnoeted with the height, not the nnige, 
of the trajec iory. 

The net eevtlt ib a whole Icnigitudinal «hift of the point of fall 
of tho projectile, or nlterution ot inngts ivhieh h (cO inoflifiial 
by one reHolved part* of (r), and n nUioIo triimiinsc* nliift^or 
detlection, %vhich ih (h) modithal by tlie otlicu’ tOBohisI part 
0f((). 

Wo now proceed to the di'nionatrution of tho above. It Hlioiild 
bo remomlaned that tho following culeiilallons are endv fipproti 
matoly coirect, e\en for a vaenuni CVrtfdn <|naiitiliis of higlier 
ordera than tho tlrHi are neglectcal, but the tif tlim 

practically inHOimihlo , an the* rangc‘H attainable by net iml otdiififiro 
arc so Toiy amall 111 proportion to tho diineiwions of tlieenriti, 
and, moieoY^r, m the I(ingt*Ht time of ftiglit of miy fietmil pto* 
jootilo is so Tory small compared with tlie peiiml of tlwi earths 
rotatiott, 
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(ci) The {^purely) Longitudinal Shift. — This shift along the line 
of projection constitutes an alteration of range, which will he, 
both in IST. and in S. latitudes, an increase, if the direction of 
projection have in it any easting, and a decrease if any westing. 
The question of this shift, as it presents itself to us, is simply a 
kinematical one. 

We shall begin the consideration of this with the case of firing 
E. It is evident that if the surface of the ground at the place of 
discharge were moving straight on in its own plane, its motion 
would cause no difference in the range, on the earth's surface, of 
the trajectory. But the surface of the ground at the locality of 
firing is being always tilted over towards the east, with the 
angular velocity to cos X, whilst being translated in that direction. 
Whilst the projectile is flying, as now supposed, towards the east, 
the ground beneath it is turning away from it downwards, if we 
may so express it ; so that the projectile will pass above the 
point on the surface of the ground on which it would have fallen 
for a non-rotating earth ; and it will not reach the ground until 
it has gone some distance beyond that point. The opposite of 
this takes place, of course, in the case of firing W.^ Thus this 
shift of the point of fall is due east, both for E. and for W. 
firing ; and it has an eastward tendency for all azimuths of 
discharge, except N. and S. 

It is quite easily seen (Note B) that the magnitude of this 
alteration of range for E,, and for W., firing is 

r^cotowcosX; (1) 

in which r is the length of range, t the time of flight in 
seconds, ^ the angle of descent at the end of the trajectory, w the 
earth's angular velocity of rotation about its axis, or angle 
de.;Cribed per second (which, as we have seen in Chapt. II. is 

*** It is evident that there is also an increase or a decrease, respectively, 
in the height of the trajectory for E. and for W, firing, and an accom- 
panying increase or decrease in the height at which the ball would hit a 
target. 
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represented in ciicular measure by the fraction 1/13713), and X 
the latitude of the place of dischaige 

Por any a/imuth of discharge, s ^ this must be multiplied by 
sin 2 , so that in general this alteration of range is 

5 ^ cot 3 0 ) cos \ sin 2 , . . (2) 

an increase, if there be any easting in the direction of discharge, 
with sin 2 positive , a decrease, if there be any westing, with sin 2 
negative- This is applicable both to K and to S latitudes 

(5) The {purely) Transverse Bh}ft — This, as wo have said, is 
a shift of the point of fall of the projectile, from what it would bo 
for a non-rotating earth, at right angles to the lino of projection 
It is directed to the right hand in N , and to the loft in »S , 
latitudes 

Considering for the moment only the earth’s component 
rotation F, to which this shift is due if a projectile were dis- 
charged towards some suitable object standing on the ground, 
that IS, discharged in the plane passing veitically at the instant 
through that object, it would continue to move in that plane 
But in consequence of the turning of the surface of the giound 
in its own plane, with the angular velocity w sm X, the ob)Cct 
aimed at would pass, in N latitudes, to the left of the vortical 
plane of discharge , leaving the projectile behind to the light ot it 
It IS evident that the rate of tJm apparent angular deviation ot 
the projectile to the right, or the angle desciibed in one second, 
being due to this cause alone, must be the same for all a/imuths, 
or hori/cmtal directions, of discharge, and equal to w sin X The 
angle described during the time of flight, t seconds, is twsm X, 
and to get the linear shift of the point of fall of tlie projectile, 
from what it would be on a non-rotating earth, at the end of % 
we must multiply this by the range ^ Xow this shift, as is 
evident, does not involve any alteration m the length of the 
range , it is simply an apparent linear deflection from the lino of 

* We now reckon the azimuth from S eastwaids, and continuously imht 
round the horizon 
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discliarge. It is very easily seen that the expression for this 
(purely) transverse shift (to the right in N., and left in S. 
latitudes), neglecting the resistance of the air, is 

H w sin X. (3) 

Let us observe that the question of this deflection is, like that 
of (a), merely a kinomatical one, relating only to angular and 
linear motion ; it differs, in this respect, from the question of the 
westward shift, which, as we shall see, is a dynamical one. Let 
us observe also that the above evaluation of the (purely) trans- 
verse shift rests simjjly upon the fact that the moving body 
accomplislies the distance r, in the time quite irrespectively of 
the law of its velocity in its flight. 

(c) TM Westwcml Shift , — This is a shift duo W., both in IST. 
and in 8. latitudes, of the point of fall of tho projectile, from 
what it would be for a non-rotating earth. Tho present question, 
unlike that of tho (purely) transverse shift and the (purely) 
longitudinal shift, is,“ as we have said, a dynamical one. 

Still supposing tho projectile to move in a vacuum, we shall 
consider first tho case of a shot fired vertically. 

Luring its flight tho locality of discharge has not been simply 
translated towards tho E. by the rotation of the earth (if this 
were so, those would bo right wlio say that a bullet fired vertically 
will fall on the muzzle of tho gun) ; but, as already mentioned, 
it has also been tilted over somewhat towards the E. The 
vertical lino of tho place has moved angularly towards tho E., so 
that the projectile is loft behind by it towards the W., both iix 
N. and in S. latitudes ; just as it is loft behind towards the right 
in consequence of tho horizontal component, at the place, of tho 
earth’s rotation* But by tho time tho projectile has returned to 
the earth its westward falling-bohind from the vertical lino will 
have increased. It is evident that tho magnitude of this shift 
is connected with the greatest height to which tho projectile 
attains, as well as with the time of flight. 

• The amount of this westward shift in a vacuum, for vertical 
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filing, IS jJitcjdosX, ^ being the greatest height attained by 
the projectile This results from the principle of the equable 
description, by the projectile, of areas about the centre of the 
earthy or Kepler’s Second Law, and the fact that the area 
included by the sensibly parabolic (absolute) trajectory and the 
(level) ground is two thirds of the rectangle under base and 
height of trajectory Por proof see Note C 

Kow it IS evident that there must bo alwa}s, foi any angular 
elevation of discharge, as well as for vertical firing, such an 
action as this connected with the vertical component of a 
projectile’s motion, and that the westward deviation, or shift, of 
the place of fall of the projectile, must bo the same as for vorticiil 
firing, if h and t be the same, and that, ca^e'i is pai'ihuh^ it must 
be the same for all azimuths of firing Therefore the amount 
of this shift due W , for any trajectory with given A, is the same 
as that mentioned above for vertical firing. It is 

w cos X (4) 

As a general rule, this involves both an alteration of range and 
a deflection The alteration of range is compounded with shift 
(a), treated above , the deflection with shift {h) 

As to the alteration of lange involved in this westward shift, 
it IS this shift multiplied by sin s (see footnote, p 38 ) , therefore 
tJm alteration of range is 

^ 0) cos X sin s; , (5) 

which IS a decrease of range if the direction of discharge have in 
it any easting, and an increase if any westing There is, of 
course, no change of range for S and for N. firing. All this 
IS applicable both to K and to S latitudes 
As to the deflection involved, it is, of course, this westward 
shift multiplied by cos therefore this deflection is 

w cos X cos :r ( 0 ) 

This deflection, as is evident, is to the right, whenever the 
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direction of discharge has in it any southing, and to the left 
when any northing ; it is zero for E. and for W. firing. All 
this being applicable both to IST. and to S. latitudes. 

Net Remits,— whole remlting longitudinal shifty or altera- 
tion of range, for any azimuth of discharge 5 ;, whether the 
latitude be N, or S., is (2) minus (5), or 

tax^oaX (r cot sin (7) 

If d be small enough, as it is in all ordinary trajectories (whose 
angles of elevation never exceed 45°), r cot 2 will be greater 
than •§• 7i ; and if there be any easting in the direction of 
discharge, which would make sin z positive, the alteration of 
range will be an increase ; and if there be any westing in that 
direction, making sin z negative, a decrease ; and vice versd^ if 
I be great enough to make rcot^ less than which last 
would imply a very high angle of elevation, such as is never in 
practical use. If these two quantities be equal, there will be no 
alteration of range for any azimuth of projection. To make 
them equal, the angle of elevation of discharge must bo, in a 
parabolic trajectory, 60° (see Note E) ; but in a ballistic 
trajectory that angle must bo less than 60°; how much less 
depends on circumstances. The factor sin 2 ; shows, what indeed 
is evident beforehand, that in any case, for firing due 8. or N., 
there will be no alteration of range; and that for firing due 
E. or W. the alteration is a maximum, whether positive or 
negative. Both parts of this shift are due to M, 

Again ; The whole resulting transverse shifty or deflection, of the 
point of fall of the projectile, for any azimuth of discharge z, 
is the algebraical sum of (3) and (6) taken with their proper 
signs ; that is 

t oi(r sin X + f ^ cos X cos z) (8) 

This total deflection consists, then, of two parts ; one being 
due to the earth^s component rotation F and proportional to the 
range r; the other being due to the earth’s component rotation 
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M and, for given 2 , proportional to the height A of the tra- 
jectory 

Taking for example the case of IT lats —If the direction of 
discharge have in it any southing, cos 2 is positive, and wo see, 
what indeed is evident beforehand, that the whole actual 
deflection is the sum of the two, and a maximum tor tiring duo 
S If the direction of dischaige have in it any noitliing, cos z 
IS negative,^and the whole deflection is then the diifcronoo of tho 

two, and, if cos 2 he equal to ~~ tan X, tho whole dotloction 

wiU be zero If eos z be greater than tan X, as it maj 

easily be with a combination of great enough 7i, sufficient 
northing of discharge, and low enough latitude, tho whole 
deflection wiU he to the left, though tho latitude be N * (Seo 

Pigs 5 and 6) Correspondinglj, mutaits mutandis, foi south 
latitudes 

It may be of interest to observe that while tho purely longi- 
tudind shift can never exist alone, tho purely transverse shift 
would exist alone for firing fiom the N or tho 8 polo, and tho 
westward shift would be the only ono for firing from tho equator 
either due IT or 8 


The Resistance of the A-ir as affecting the alove Formulcv —So 
ar we have disregarded the resistance of the air to tho motion 

* It 18 Often stated in elementary books, &e, that the deflection of a 
pro, echle from the rotafaon ot the eaith is to the right m K , and to iho 

rileh f ’ ^ ’ “f’ ^ eiven tiajoctory, the same for all urinuiths of 

discharge, and that thoie is no deflection if the pro,ectilo be discharged 

ft (b) tomula ( 3 ), m disiegaid of the tianweise eomponont of tho 
estw^rd^*i/t, fprmula (G) Howerer, it 13 true that for oidiiiai v (that is 
somew^t flatti 8 h)tiajeetories in middle and higher latitudes the actual 
whole deflection is to the right in N, and to the left in S, lats,,. but 
ft ^ by no means the same for all azimuths of projection (see table m 
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of the projectile -while discussing the three shifts of the poiut of 
its fall due to the rotation of the earth, hut wo shall find that, 
although tho resistance of the air has such a great irifluonco on 
the motion of projectiles, diminishing the range, and making the 
trajectories to he ballistic instead of parabolic ones, yet it affects 
hut Tery little tho applicability of our above formuhe. 

The reason of this is that those formuloe are expressed in 
terms of those elements of tho trajoctoi'y on which the shifts 
direcUif depend ; viz., the range, tho height of tho apex, tho 
angle of descent, and the time of flight. Tho shifts, as" we have 
seen, do not depend on any relations (wlicther parabolic or 
ballistic) of those elements to each other ; it is only the magni- 
tudes of the specified elements which are concerned, whether 
they have been attained with or without the resistance of the 
air. 

With respect to formula (3) for the (purely) transverse shift, 
it is, as we have already said, independent of tho law of tho 
horizontal motion of tho projectile. The liorizontal component 
of the resistance of the air to tliat motion docs not aflbct, in tho , 
slightest degree, the validity of that fornnila, wliicdi is concerned 
only with tho easily observed magnitude of tho range and that 
of tho time of flight, without any refcrenco to tho law of 
the velocity under which t he range lias been attained. 

With respect to formula (1), for tho (purely) longitudinal 
shift, tho same remark applies to ihe range, aa it occtii'S thex^in ; 
and as ^ is tho actual angle of deaceiit, rclativo to the apoetator, 
at tho instant of tho fall of tho projectile, formula (1) needs no 
modification for tho resistance of the air to tlio projoctile’s own 
forward motion. * 

With respect to formula) (4), for tho westward shift, and (5), 
for its component defloclion, and (6), for it$ component alteration 
of range, which all depend upon h, their applicability* is hardly ' 
affected by the vortical component of the resistance of the air to 
tho projectile^s motion (see Nora D). , ^ ■ 

But if the validity of the above formnlEe is, thus pra9ti(;alli 
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uninfluenced ty the resistance of the air to the projectile’s oivn 
rroper forward motion, how is it with respect to the transvcise 
lesistance of the air to the projectile’s apparent motion of 
deviation due to the earth’s rotation ’ It is evident, at once, that 
this must cause a diminution of the shifts, and also that, con- 
smeriag the high densities of the projectiles ivith which we are 
concerned, this diminution must be quite small It can be 
easily calculated, from empirical data bearing on the subject, 
that the greatest deviation in the following long-range tables 
has to be diminished, on this account, only by considerably less 
thm one hundredth part, and that the other (smaller) deviations 
in those tables are to be diminished in still smaller respective 

pioportions We may now, theiofore, neglect this particular 
altogether. 


For parabolic trajectories in a vacuum the above formuliie 
could be readily expressed in terms of the initial velocity of the 
discharge, its angle of elevation, and g, by means of the familiar 
equations for such trajectories But in ihai shape they would be 
altogether unsuitable for baUistic trajectories in resisting air, as 
ey would involve the special relations to each other of the 
elements of parabohe trajectories *. 


In illustration of the above, it will probably be most inter- 
esting to select an extreme example, suggested by the » Jubilee 
Hounds’ fired at Shoeburjness in April and July, 1888, in 
celebration of the 60th Anniversary of the Queen’s Accession to 


* 'SVe may mention here that all the foregoing formula, arrived at 
geometrieally, are m accordance with the results of Professoi Bartholomew 

^ subject (excepting a ceitain lapius 

calami) m his Infimteumal Caleulm, 2nd ed , 1889, vol iv, though he has 

are lidld ‘^>6 question His expressions 

are intended for parabolic tiajectones in vacuo, they are in terms of the 

initial velomtv, the elevation of the discharge, and ff, and involve the 

"■ « !«*■>» 
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tliG Throne. See the paper hy Lieut. A. II. Wolloy-I)od, B.A., 
ill the Minutes of I^vceedim/s of the lioyal Artilhrif Institution, 
vol. xvi., p. 41)1, also .Bashforth’s Itewmd Account of Experiments 
made ivith the Bashforth Ohronograph^ 1890, p. 114, &c., also 
the London limes, Bopfc. 25th, 1890. 

The cannon used was a. 9*2 in. -wire breech-loading’ giin, 
•weighing 22 tons ; the charge 270 lb. of powder ; the shot 
an ogival-headed bolt with diameter 9*2 in,, length about 
28*5 in., and weight 880 lb. ; the muxi'Jo velocity 23()() ft. per 
SCO. (or a little more). On July 2(>, with the elevation of 4IB, the 
greatest range was attained ; vix., the enormous one of 21,800 
yds., or nearly 12*4 miles; but this was with the assistance of 
a “ favourable moderate wind. Prof, Bashforth calculated that 
the range in still air would have been 19,944 yds., or 11*33 
miles. Though such calculations profess to bo only approximate, 
yet, as Lieut. Wolloy-Dod observes, It seems to have been 
amply proved that, even at extreme ranges, the formulae and 
tables will give correct results.” 

We sliall now adopt the trajectory as calculated by Bashforth ; 
it being the last one given by him in p. 110 of his work referred 
to above. His calculation has been made for a horizontal i)lan 0 
27 ft. below the muzzle of the gun ; but the effect of this on the 
deviations may he called (piite insensible. 

The comparative smallness of the alterations of range is due 
to the greatness of tlio angle of elevation of discharge, involving 
a relatively large h and a high angle of descent ; in consequence 
of which the two oppositely-directed elements of alteration of 
range (formula 7) are beginning to approach equality. 


Bange 19,944 yds (11 33 miles) , height of apex of trajectory 19,648 ft (3 72 miles) 
time of flight 68 3 secs , angle of descent 58° 43' 

Por lat 51° 31' F 
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We may now give a diagrammatic illustration, Eigs 5, 6, 7, 
8, for diverse azimuths of discharge, but with the same trajectory 
in all four cases, viz , that selected for the above tables But 
lat. 15° F IS now selected in order that the three shifts may, 
for convenience, not differ too much in magnitude “We could, 
of course, take the shifts of the point of fall of the projectile in 
any order we please but it will be convenient to begin, as abo\e, 
with (a), the purely longitudinal shift The principle of con- 
struction IS the same, and the lettering correspondent in all foui 
figs The thick line Im is the latter part of the range for a non- 
rotating earth , m being the end thereof The dotted line mn is 
the purely longitudinal shift, whether an increase or a decrease 
of range. The dotted line no is the purely transverse shift, to 
the right, the lat being N" The dotted line is the westward 
shift And the double line mp is the whole shift compounded of 
the others The letters I, m, o, p, taken in alphabetical order, 
enable the reader to compare these four diagrams at a glance 
From m draw me due east, whether the lat be IST. or 8 , its 
length representing the value given by formula (1), which is, in 
this case, 58 3 >ards (this me is the purely longitudinal shift for 
E and for W. firing) , from e draw en at right angles to above 
range, mnie the (purely) longitudinal shift, its value being 
58 3 yds x sin 2 ;, formula (2) From n draw no in the line of m, 
that IS at right angles to the range, and towards the right hand 
in IT lats , and towards the left in S lats , its length repre- 
senting the value given by formula (3), this is the (purelj) 
transverse shift, the magnitude of which is, in this case 25 7 yds 
From 0 draw op due west, whether the latitude heN or 8 its 

length representing the value given by formula (4), this is' the 
westward shift, the magnitude of which is, m this case, 42 0 yds 
Then the double line mp repiesents, in magnitude and direction, 
the whole shift of the point of fall of the projectile compounded 
of the three shifts just mentioned The whole, or net, lono-i- 
tudinal shift is sensibly the orthographic projection of mp on 
mn ; and the whole or net transverse shift is the distance of p 
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from wn, since both of these shifts are so very small relatively 
to the range On the scale of these Pigs the thick line repre- 
senting the undisturbed range ending at m should be 41 5 feet 
long For a given trajectory, as we see, the lines wo, ojp^ and 
the line of construction me are constant for all azimuths of pro- 
jection , but not so any other lines In Figs 5 and 6 the actual 
net transverse shift is to the left, though the latitude is noi th 
It would, of course, be greater if the direction of discharge weio 
due F For azimuth of dischaige 142° 10', or 37° 50' E of N , 
formula (8) becomes zero, and there is no lateral deflection The 
proportionally very small effect of the resistance of the air on oui 
formulae is still neglected 


The following distances and times of flight with the ITaitini- 
Henry Eifle and Bullet, fired so as to have the lange of 1000 
yds , are taken from Mackinlay’s Text-hool of Gunnery, 1887, 
p 159 , the weight of the bullet being 1 1 oz and its diametei 
0 45 inch (the angle of elevation about 2° 31', muzzle velocity 
1353 ft per sec , these two items, however, do not now concern 
us) 

The deflections here given are the (purely) transverse ones, 
formula (3) They are calculated for lat 51° 31', IN’ The 
deflection, formula (6), invoh ed in the westward shift, has been 
disregarded , as it is relatively very small in such flat trajcctoiies 
Even at the distance of the full 1000 jds , with height of tia- 
jector} 45 5 ft , it would not amount, even at its maximum for 
'N and for S firing to -^th inch But, for this same trajectory, 
the mcrease of range for E and the decrease for W , firing would 
be as much as about 2 3 } ds 


Distance 

yards 

200 

400 

600 

800 

lOOO 


Time of flight 

Deflections, 

seconds 

inches 

0 501 

0 21 

1104 

0 91 

1787 

2 20 

2 548 

4 20 

3 395 

6 96 
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The diminution of these deflections from the lateral resistance 
of the air is evidently exceedingly small. It would appear that 
in the last deflection, where it is greatest, it would only bo able 
to diminish by 1 the digit in the second place of decimals. 


N'ote a, from p. 34. — ^Aristotle contemplated a connection 
between the earth’s rotation, if it existed, and the movement of 
certain projectiles. Ho argued {Ih Coelo, II, 14, G) that since, 
as he believed, a heavy body projected vertically upwards falls 
back on the point of discharge, the earth must he without 
rotation. He gives no hint of what the cflect of the earth’s 
rotation would bo in this case, if it existed. But Ptolemy con- 
tended {AlmageM, I, 7) that if the earth rotated with tlic 
enormous eastward linear velocity of its surface involved (except, 
of course, in very high latitudes) in a globe of its size turning 
completely round in ono day, flying birds and projectiles could 
never get eastward of thoir point of departure, hut would bo left 
a long way behind to the westward of that point. 

It was reserved for Galileo to give the now so obvious 
refutation of this objection of Ptolemy’s, which he does in liis 
Bystema Cosniicimi. Galileo, however, seems to have considered 
the connection between the motion of projectiles and the rotation 
of the earth, not for its own sake, but merely with the object of 
removing what was regarded by many as a most stuious difficulty 
in the way of the system of Coponucus. IHs mind was fixed bo 
strongly on this important object that he did not care to go, as 
fully as he might and could have done, into the question with 
which we are now concerned. 

In page 225 of the London edition, when disproving the 
supposed effect, according to Ptolemy’s ideas, of the earth s 
rotation, if it existed, on the motion of a Dody dropped from a 
height, he ignores altogether the real deviation from the vertical 
that must be produced in the fall of such a body by that 
rotation ; and in page 239 he categorically and distinctly declare® 
that a cannon ball discharged vertically would fall back on the 

i2 
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montli of the oaniion, notwithstanding the rotation of the earth 
ISfow, as we have said, Aristotle’s words, taken as they stand, 
mean only that the earth’s rotation would prevent a body dis- 
charged vertically from falling hack on the point of discharge 
Thns, then, if we jndge them simply by what they say, Aristotle 
was right and Gralileo wrong on this point ^ Eiit it is greatly to 
be feared that if we could cross-examine Aristotle and get him 
to be more explicit he might commit himself undesirably , and 
on the othei hand, it would not be fair to take Galileo at his 
word on this point , becanse we have reason for knowing, from 
the verj/ work now referred to, that he was hotter on the present 
question than he here represents himself to be His attention 
was so wholly engrossed with proving that the eastward t) 
lahon of the suiface of the earth with ever;^ thing on it has no 
effect, relatively to ns, on the motion of projectiles &c , that he 
here disregards the angular tilU'tig of that surface towards the 
east , although he does not do this elsewhere 

ISTote B, from p 37 — The proof of this is quite simple Lot 
us first suppose that we are at the equatoi, and that the discharge 
IS due E Let rt, Eig 9, he the point of discharge , ag the 


I h 

position of the surface of the ground (whoso curvature may bo 
now neglected) at the instant of discharge , afq the trajectoiy, 
which wonld intersect the surface at g^ if the earth did not 
rotate, dh the position of the surface of the ground at the 
instant of fall of the projectile at A We are now concerned 
solely with the rotation of the surface of the ground about a 
horizontal N and S axis at a, perpendicular to the plane of the 
paper. The angle gdh is and very small, even for the longest 


Fig 9 


w 
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attainable time of flight of a projectile. Draw gi perpendicular 
to ah; ih is the increase of range now under consideration. 
Now ih is so very small relatively to ag and ah that these two 
lines may be taken, without sensible error, as having the pro- 
portion of ecpiality. Let the angle of descent ghi be d. Then 
h% the increase of range now in question, is gi cot ^ ; but gi (as 
the angle gai is so very small) is ro)L Therefore (for firing due 
E. at the equator) hi^rojt cot L Eor azimuth z, we must take, 
as is evident, r sin 2 ;, instead of r ; and for latitude X, we must 
take, as we know, w cos X, instead of w. Hence for any latitude 
and azimuth, this alteration of range, 7w, = rwt sins; cos X cot 0 ; 
in which r may be regarded without any sensible proportional 
error as being ah, the actual range. As with this demonstration, 
so with the diagram Eig. 9, it is only very approximately correct. 
The trajectory afh would not rigorously coincide with the 
supposed one afg, as far as it goes ; the former would not be a 
simple iHolongation of the latter, though exceedingly near 
thereto. 

Note C, from p. 40. — The following proof of this (for a 
vacuum) by Mr. 11. A. Proctor, appeared some years ago in the 
London English Mechanic, 

Pirst take the case of a projectile discharged vertically at the 
equator. Let aj)ed. Pig. 10, bo the surface of the earth, whose 


Pig. 10. 



curvature and eastward translation must now be recognized. 
The lines drawn perpendicular thereto at a, e, and cl meet at the 



54 


DBYIATION OT PEOJECTIXES PEOM 


centre, 0, of the earth. Let a he the position of the point of 
discharge at the instant of discharge , ahe the orbit dcsciihcd by 
the projectile about the centie, (7, of the earth , hp its greatest 
height above the surface of the ground , the orbit is an ellipse 
differing insensibly from a parabola Lot e be the position of 
the point of fall at the instant of fall , d the position of the point 
of discharge at the same instant, -which will be, as we know, 
ahead of ^ The projectile, having been moving in the bacln\ aid 
prolongation of the line ae with a uniform velocity, describing 
equal areas in equal tunes about O, has receued, at a, an 
impulse along the radius-vector Ca If it were qnito free it 
would move uniformly in its new direction of motion, still 
desciibing areas about C, per unit of time, equal to tho former. 
But it IS acted on by the foice of gra\ity directed to 0, this, 
however, leaves it still describing, about that point, areas the same 
as before Therefore the area a (7^6= area ctGd, and area Ghe = 
area eCd That is, from a property of the parabola, ^ae X hp ^ = 
iBxed , R being earth’s radius But though the difference, ed, 
between ae and ad cannot be ignored, it being the vorj subject 
of investigation, yet as it is relatively so exceedingly small, ae 
and ad have ver} nearly the p>rojportion of equality , so that v o 
can, with very small error, write ad for ae, in our last equation 
Hence, very approximately, 2 ^idx^p=iRx ed But as wo arc at 
the equator, ad=Rojt, therefore ^R(t)t7i==^R x ed, and ed= 

But, for any other latitude X, we must evidontl} use w et)s X, 
instead of w Hence ed, the westward shift of tho point of fall 
of the projectile, is cosX^A This, of course, is as true for 
the vertical component of the motion of the projectile in any 
trajectory as for that in vertical firing , which is at once solt- 
evident if we think of a tiajectory whose plane is H and S Of 
course the sensibly parabolic orbit, with which we have been now 
engaged, would not he visible to the observer , tho path described 
relatively to him, and what he would see, for vortical firing, 

* The inaceiiracy introduced by the curvature of the earth’s surface into 
this value of the area abe is quite insensible. 
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would Tbe like that represented hy the dotted curve clfe, whose 
height, of course, is equal to bjp ; the motion of the projectile 
therein being from d by /to e, or westward, while its motion in 
the absolute orbit abe is eastward. 

!N'ote D, from p. 43. — This may bo seen thus: — Let a'e'd', 
Pig. 11, be the surface of the earth along the equator. The 


Pig. 11, 



normals, or lines perpendicular thereto, at a\ e\ and d' meet at 
tho centre 0 of the earth. Let the projectile be discharged from 
a gun pointing vertically at a', in resisting air. Its absolute 
trajectory will not now be sensibly an upright parabola, as in 
Note C ; but something like a'b'e', whose greatest height is b'jp'. 
Let d' be the position at which the place of discharge has arrived 
at the instant of the fall of the projectile. "Wo are now concerned 
only with tho vertical component of the resistance of the air, 
w’'hich is sensibly the same as the whole resistance ; the very 
small difference between them has the effect of diminishing very 
slightly the westward shift. 

Now as the vertical component of the resistance of the air is 
directed towards the centre 0 of the gravitation attraction, it 
does not affect the equable description of areas aboxit 
Therefore (see Note B) the area a'b'e' is equal to the area e'Cd' ; 
and this is so quite independently of the law of tho vertical motion 
of the projectile. 

Now if the curve ab'd were a parabola tilted over a little 
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towards the left, its area would be the same as that of an 
upright parabola with the same ‘‘ base,” as we may call it, a'e', 
and height hy (with, of course, a greater parameter) But 
though the curve be not a tilted parabola, it is evident that its 
area cannot differ much from that of such a parabola 

However, we can easily ascertain, by mechanical means, that 
its area is sensibly ^a'e' x h'y Let us take, as the least tavoui- 
able case, the extreme trajectory discussed in the first two tables 
above, and, selecting a sufficiently laige scale, lay down on thick 
card-board the line a'e' (the ipiojportional difterenco between 
which and ad' is quite insignificant) to rciirescnt 19 7 miles, 
which IS the hnear space described by a point on the equatoi lu 
68 3 seconds, the time of flight Let ns diaw then a line 
parallel to a'e', at the height representing 3 72 miles, and having 
laid down the angle I'cde' 47° 38', and the angle h'e'a' 32° 6' 
sketch in the curve so as to touch the lino just mentioned On 
cutting out the figure a^'e' and weighing tlie picco of card, 
we shall find that its area is sensibly ^a'e' x Uy, or, as in 
Note E, ^a'd' x h'f', veiy approximately Whence, as m same 
place, e'd'^^uith at the equator, and ^wcosX th at an} other 
latitude X. This being so with the present extreme height of 
ascent of the projectile, 3 72 miles, it will be so, a forhoi i, with 
smaller heights of ascent, in which the base a'e' (veiy neaily 
proportional to t) will have a greater ratio to the height 

The above, as is evident, ap^ilics to the greatest height attained 
by a projectile m any tiajector} in air, just as well as if it were 
discharged vertically 

Note E, from p 44 — Although the relations among themselves 
of the respective elements of ballistic and of parabolic trajectories 
are essentially very different, there is a considerable senes of 
accidental practical exceptions presented to us in Eashforth’s 
table of trajectories in p 116 of his work referred to abo\e 

^ It IS easily seen that these two angles result from the data in the last 
line of the table given by Bashforth in the work above mentioned, p 116 
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With respect to large projectiles, of high specific gravity, 
describing extensive trajectories, such as we have ia that table, 
it so happens that if a ballistic and a parabolic trajectory have 
the same t, the respective 7i’s may have quite a small proportional 
difference. Of course the distribution of t betweea the ascent 
and the descent would be very different in the two cases. Tor 
the smaller trajectories in that table, the ballistic h is less than 
the parabolic, with the samef; for the larger trajectories, the 
ballistic h is greater than the parabolic ; and for a considerable 
intermediate series they are almost equal. Therefore, for such 
as the last mentioned, the ballistic 7i in our formula (4) can be 
replaced by ^fg, or 4f, nearly, with a very small proportional 
error ; and formula (8) for the whole transverse shift, which is 
the most interesting deviation of a projectile, will be approxi- 
mately correct for such cases, if written 

tii) (r sin X + ^ cos X cos 2 ;), . . . . (9) 

which depends only on the easily ascertained elements of the 
trajectory, r and t. 

We may here observe that, for more ordinary, and comparatively 
flattish, trajectories, in middle and higher latitudes, such as that 
of London, the 7i-part in formula (8) is much smaller than the 
r-part ; and therefore, in such cases, whatever proportional error 
is introduced into the westward shift by substituting therein 
4:f for 7i, it involves a much smaller proportional error in the 
whole transverse deflection. 

Taking these two considerations together, we find that even 
in the first example in the table in p. 46 above, in which the 
A-part of the whole deflection is a maximum for that table, the 
A itself being, moreover, of unusually great proportional magni- 
tude, the error in the whole deflection produced by using the 
parabolic A, for 68*3 seconds, would not be more than 1-3, out 
of 104-85, yds. : say -^th part. 

An interesting apparent paradox is presented by Bashforth^s 
table of trajectories referred to above, in which the initial 
velocity is the same in all cases. It is this — that though thd 
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velocity of the projectile at the end of its flight diminishes at 
flrst, as we pass from a smaller to a greater range, which we 
should expect it to do, yet afterwards it does the reverse That 
IS, after we have passed the range of about 14,000 }aids, the 
greater the distance which has been traversed through resisting 
air, the greater is the remaining velocity of the projectile at its 
fall After we have been informed of this, we can see ioi our- 
selves how it may be possible The initial velocity being given, 
when the projectile is discharged with a greater elevation, 
gravity is diminishing its velocity, during its ascent, more 
rapidly, and therefore, for this reason, by itself, the aveiar/e 
resistance of the air over the whole trajectory is diminished , dtid 
that m a higher ratio than the diminution of the average velocity 
Tut, further, the lessening of the resistance is promoted by the 
circumstance that the middle pait of a higher trajectory is 
described in rarer air The whole loss of kinetic energy, and of 
v% which has been endured by the projectile when about to fall 
(the ground being level), is pioportional to the ave) age resistance 
multiplied b} the length of the curve of the trajectory, and it is 
very conceivable that under certain circumstances the propor- 
tional diminution, which we know to exist, of the flrst factor ot 
this product might exceed the proportional increase of the second ; 
leaving the and therefore the v, of the projectile greater alter 
its longer flight This actually obtains, as regards the series of 
trajectories now in question, with ranges of 14,000 yards and 
upwards 

ISTote E, from p 41 — The following two memoranda, although, 
outside the immediate subject of this Chapter, are appended hero 
at the end of it, on account of their great interest d is the 
angle of elevation of discharge 

(1) In the case of a vacuum and a parabolic tiajeetorj', we 
could substitute for r, in (7), its value in terms of 7i. vi/ 
4h/tme, thus obtaining, for the whole alteration of range from 
the rotation of the earth. 
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This shows that, for a vacmim in any latitude and with any 
a/imiith of discharge, there would be no alteration of range if 
tant^=\/5, that is, if 6 = 00° If the direction of jB.ring has 
any easting in it, sin z will bo positive , and if 6 be less than 60°, 
the range will be increased, but if 6 bo greater than 00°, the 
range wnll be diminished by the rotation of the earth ; and v^ioe 
veisct, when the direction of firing has any westing in it This 
has been pointed out alreadj/, as regards firing due E or W , by 
Professor Puce , but wo see that it holds equally for all azimuths 
of projection 

(2) In the case of a vacuum and a parabolic trajectoiy, we 
could substitute for K in (8), its value m terms of viz 
tan 0 , thus obtaining, for the whole deflection from the 
rotation of the earth, 

ti (t) cos X (tan X H- ^ tan 0 cos z) 

Hence there would be no deflection if tan 0 cos z and 3 tan X 
were equal and of opposite signs For flung due IsT , cosz is 
— 1 Therefore, for firing H in a vacuum, there would he no 
deflection if tan 0=3 tan X, as pointed out already by Professor 
Price For N firing there is, as wo know, no alteration of 
range , therefore, in this case, there would be no shift whatever 
ot the point of fall of the piojcctile from the rotation of the 
earth. 
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Foucault’s pendulum 


This subjeefc, like the last preceding one, though belonging to 
Chapter II , will be better discussed m a place by itself 
The idea of employing a pendulum, in the manner now to be 
eonsideied, for the purpose of proving the rotation of the eaith, 
was first proposed and carried out into practice by Foucault in 
18ol The pendulum so used has, therefore, come to be called 
by his name It consists simply of a heavy bob hanging by a 
single cord or wire, and free to swing in any direction If it be 
set oscillating in a plane, there is nothing to make that plane 
partake of the earth’s component rotation F (see last Chapter) 
about the vertical line at the locality As the horizontal surface 
beneath the pendulum, on which the direction of oscillation is 
marked, is turning round in its own (instantaneous) plane 
counter-watch-wise, with the angular velocity sin X, the plane 
of osciUation is left behind and will seem to the observer, who 
IS unconscious of his own motion along with the earth, to have 
a rotation, with that rate, in the opposite direction, or that of 
the motion of a watch lying face upwards on tho table 
We may here note that a reader must be sometimes puzzled 
by a statement which is often inconsiderately made without any 
qualification though nothing wrong be reaUy intended by it 

“inTi. Pendulum oscillates always 

osedlt'T ■^^"’^^ (^talics not ours), and that the plane of 
oscmation remains alwajs parallel to itself,” and that it “alwajs 

‘‘has'wvor tliat It 

y position, &c This is so only m the respect just 
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mentioned, viz. that it does not partake of the earth’s component 
rotation F, nor turn at all about the vertical line as axis. But 
the plane of oscillation participates, after its own fashion, in the 
earth’s component rotation M about the horizontal meridional line 
at the place of observation. When that plane is in the meridian, 
or 'N. and S., it turns about said line, as axis, with the angular 
velocity wcosX; when it is at right angles to the meridian, or E. 
and W., it does not turn about that line at all ; at that time it 
really does^ though for a very short period, “ retain its own direc- 
tion.” In general, if 2 : be its azimuth or inclination to the plane 
of the meridian, its rate of turning about the horizontal jST. and 8. 
line is wcosX cos 2 ;; the angle z always varying and increasing 
with the time. It is then inconvenient and, for learners, mis- 
leading to speak without reservation of the plane of oscillation as 
“ remaining always parallel to itself,” when it has, in reality, the 
peculiar varying angular movement just described. However, 
we are free, now, to disregard this movement, as it does not 
sensibly aifect the present question. 

Eoucault communicated an account of his Pendulum to the 
French Academy on February 3, 1851, which appears in the 
ComfUs Eendiis for that date. A description of it taken from 
his own paper will be found also in FUl. Mag. 1851, first half, 
p. 575, and in Edinh Miv Phil. Journ. vol. li. 1851, p. 101. 

Though the main principle of this Pendulum, as propounded 
by Foucault and stated above, is simple enough and to be called 
a kinematical one, the complete theory of it, even for a vacuum, 
presents an exceedingly difficult dynamical problem, one indeed 
apparently incapable of complete solution. This problem has 
been investigated by many able mathematicians, from 1851 
downwards ; perhaps the latest paper on the subject is that by 
M. Be Sparre, Snr le Pendule de Foucault,'^ presented to the 
French Academy and reported on in the Oompes Eendus^ April 13 
1891. 

The causes of disturbance in the desired performance of this 
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Peadulum are of seveial quire different kinds, which, however, 
cannot be kept altogether separate, on account of their intei action 
The first kind is connected with the settmg-up of the instiu- 
ment It is obvious that there should be the greatest practicable 
equality of freedom in all directions at the point of suspension, 
whether the Pendulum be supported by a cord or wire, yielding 
b} its flexibility or its elasticity, or whether it be by a fine 
point, say of steel, resting on a very hard smooth surface, say 
of agate Deficiency of accuracy in this respect will be of less 
importance, the gi eater the length of the Pendulum 

There should be of course very great steadiness and rigidity 
in the supporting structure, unless this have perfectly equal 
elasticity in all horizontal directions, a condition not to be easily 
attained If the Pendulum be heavy, which for ceitam reasons 
it ought to be, and if it be suspended from a beam there will bo 
some small elastic yielding in the tiansvorse, with almost none 
in the longitudinal direction of the beam In order to obtain 
great length in the Pendulum, which is desirable for certain 
reasons, it has been hung in church-towers, sometimes sui mounted 
by spires Put the elastic swaying of such structures at a con- 
siderable height from the ground under the varying pressure of 
a moderate wind is very appieciable, and in some cases might 
quite annul the advantage derivable from the great length of 
the Pendulum That the instrument should bo safe from the 
direct mterference of the movements of the air, it should, as a 
general rule, be confined in a draught-proof case The dis- 
turbances referred to, so far, may be almost quite avoided by the 
exercise of very great care and accuracy 
The second kind of disturbance is inherent in the very nature 
of the Pendulum itself Suppose it to be set swinging on a 
non-rotating earth, if the oscillations were exactly in a plane 
they would, of course, remain so, and the plane would romain 
stationary. But if they were not in a plane, the bob would 
describe, in a vacuum, what may be called an ellipse, whose axis- 
major would continually rotate m the same direction as that in 
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whicli the bob was describing the curve. If I be the length of the 
pendulum and a and 5 the semi- axis major and minor of the ellipse, 
both relatively very small, then on a non-rotating earth and in a 
vacuum, a would accomplish a complete rotation in the time of a 
whole vibration, or two complete swings of the pendulum (that is 

/I 8 

g S nearly. That is to say, 

the angular movement of the axis-major in one second would be, 

1 Z ah 1 r. 

in circular measure, ^ y 9 fj:^ very nearly. See articles in PUL 

Mag. 1851, second half, and 'Williamson and Tarleton’s Dynamics^ 
p. 214 (see also Kote A). This result is only approximate, 
though very closely so, for great enough I, or small enough ah. 
It would obtain also on the rotating earth, though of course in 
combination with the effects of the rotation. 

In order to keep this disturbance as small as may be, I should 
bo as great and the product ah as small as possible without 
practical disadvantage. If it were practicable to keep h at zero, 
that would, of course, be sufficient to keep the above expression 
for this angular movement so, likewise ; but we shall find that 
this is not practicable, though it can be ai)proached to pretty 
nearly. 

There is another unavoidable source of interference with the 
desired performance of this Pendulum ; which is that, as we have 
seen, it is affected, though very slightly, by the earth’s component 
rotation M about the horizontal meridional line at the place of 
observation, and that, therefore, its behaviour is not altogether 
independent of the azimuth of its mean plane of oscillation. It 
may be that certain variations in the rate of rotation of that plane, 
as described by some experimenters, have been, to some extent, 
due to this circumstance. Let us note the following for the sake of 
illustration ; though it is sensibly quite unimportant^ The rate 
of that angular movement (in a vacuum) of the line of apses 
mentioned above is, as we have seen, proportional to t/g, 
mteris jparihiis ; g being the whole downward acceleration, in- 
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eluding tliat of the centrifugal force from the rotation of the 
instrument connected with M Eut we have seen that when 
the Pendulum is swinging IST and S the downward centrifugal 
force IS a maximum, and when the Pendulum is swinging E and 
'W that force is zero Therefoie, if this effect could exist by 
itself, the line of apses would move very slightly faster when 
near K and S than when near E and "W* As another illustra- 
tion, we may observe that the behaviour of this Pendulum is not 
entirely independent of the azimuth of oscillation with which 
it is started "We shall meet with still another illustiation 
further on 

The gyrostat, when used to prove the rotation of the earth, 
is quite free from such comphcations as those now referred to 

The third kind of interfeience with the desired perfoimanco 
of this Pendulum is that arising from the resistance of the air 
For very small velocities, this resistance would be directly pro- 
portional to the velocity, very nearly , if there weio not anything 
to prevent this Eut there %s something to prevent this , foi as 
the amplitude of swing must be kept small and the axis-minor 
of the ellipse exceedingly small, the Pendulum is alwaj s moving 
in air which has been alread;y disturbed by itself It it were 
moving in a wide enough ellipse to avoid this, the resistance of 
the air, if acting by itself, would cause a retrograde movement 
of the apses of the ellipse , but in the case of a quite small axis- 
minor this would be lessened by the movement of tho air following 
in the wake of the hob There is then reason for behoving that, 
m this case, this effect of the lesistmg air is unimportant 8eo 
Note B Eut there is another which, though it is indirect, is of 
much more consequence While the axis-minor is small, but 
appreciable, the stream of air following in the wake of tho bob 
in one swing will not act centrically and directly against tho bob 
m its return , but it is evidently always tending to turn it away 
from the axis-major , this is strongest while tho hob is descending 
towards the axis-minor, and the effect is to increase the axis- 
minor This tendency must grow with the growth of its own 
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result, uutil the ellipse becomes wide enough for the cause to cease. 
This is, no doubt, one reason why the axis-minor (unless it be 
exceedingly small) grows larger, at first absolutely, and then 
relatively, during the continuance of an experiment with, this 
Pendulum. 

It would therefore be impossible to calculate the effect of the 
resistance of the air on the behaviour of the instrument, as the 
precise conditions of it are unknown and altering continuously 
with the lapse of time. 

To diminish as much as possible the relative importance of the 
air, the bob must be, of course, as largo as convenient and of 
high density. It should also be very homogeneous and carefully 
turned in a lathe and suspended accurately in its axis of figure. 

We have seen that, besides the precautions necessary in the 
making and mounting of the Pendulum, there is the very impor- 
tant one of starting it properly, so as to have as small an axis- 
minor of its path as possible. Per this purpose the plan has 
been generally followed of starting the Pendulum by drawing it 
to one side by a thread attached to a stationary object, and when 
the Pendulum has come to rest of severing the thread by burning 
it. Put, on account of the rotation of the earth, the centre of 
the bob will in this case pass to the right of tho point of rest in 
northern latitudes. The plan has therefore boon adopted of 
projecting it from the point of rest with the view of making it 
swing to and fro through that point. But supposing that it did 
this at first, it would describe, relatively to tho table beneath it 
and to the accompanying air, a series of loops all described in 
the same direction (and therefore not “ figuros-of-S,” as sometimes 
called), and the tangential resistance of tho air near tho outer 
ends of the loops, although excessively small, would, by con- 
tinued action in the same direction and by accumulation of effects, 
cause the axis of tho bob to pass to the right of the central point 
of rest. If the linear amplitude of oscillation were too large, 
this might well have a quite sensible effect. 

It is therefore all important, in experiments with this instru- 
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ment, to use as small an amplitude of oscillation as practicable , 
in order to diminish, as much as possible, three quite different 
causes of disturbance noted above. This was not sufficiently 
attended to at first. 

It should be remembered that any rougbish experiments with 
Poucault's Pendulum are necessarily quite delusive In conse- 
quence of insufficient guarding against the causes of disturbance, 
it has happened, even with some experiments considered worthy 
of being described in a scientific journal, that the line of apses 
has actually gone the wrong way ^ This has, not unnaturally, 
given occasion to certain persons, including the famous ^^Parallax,^’ 
to ridicule the principle of this Pendulum altogether. 

The later experiments of Mr Thomas G Bunt, of Bristol, 
described by himself in different papers in the PJnl Mag for 
1851 and 1852, were carried out with unusual care to minimise 
the causes of disturbance, and they were, for that reason, specially 
successful He started with a linear amplitude of swing of only 
one inch on each side of the point of rest He mentions that 
(the axis-minor of the ellipse described being always kept very 
small) all his Pendulums had two nodal lines nearly at right 
angles to each other, at which the direction of revolution of the 
bob in the ellipse changed to the opposite This affords another 
illustration of the fact that this Pendulum is not altogether 
indifferent to the azimuth of its mean plane of oscillation 

An interesting table of results obtained by various experi- 
menters with Poiicault’s Pendulum will be found in pp 44, 45 
of Eev Dr Haughton’s Manual of Astronomy 

Note A, from p 63 — That the axis-major of the ellipse must 
rotate (in a vacuum) in the direction in which the Pendulum 
describes the curve can be seen quite easily without anal} sis. 
The force directed to the point of rest, under which the Pendulum 
18 oscillating, 18 accurately ^sm0, 0 being the angular distance 
from the point of rest. Therefore when 6 is very small, the 
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Pendulum is movinf^ under a central force wliich is ver}^ nearly 
indeed direotl}^ proportional to the linear distance ; it therefore 
describes very nearly a fixed central ellipse.” But, from the 
exigencies of the experiment, d cannot bo allowed to be exceed- 
ingly small; and therefore the force, which is proportional to 
sin d, varies, as is evident, more slowly than the distance, whether 
linear or angular, from the point of rest ; and the deficiency in 
the central force, owing to this, which is at first excessively 
small, increases with the distance from the point of rest and at 
a much higher ratio. This causes a progressive motion of each 
end of the axis-major ; because in the neighbourhood of the apse, 
where the deficiency is greatest, the central force takes longer to 
stop the rising of the bob from the centre of force and to pull it 
round the apse than it would do if it were accurately proportional 
to the distance ; the hob will not attain its apse, and begin to 
turn back again, until it has passed the position of the last 
preceding corresponding apse. Por a corresponding contrary 
reason, the said deficiency in the central force, as occurring near 
the ends of the axis-minor, would tend to produce a retrograde 
motion of each of those points. But the former tendency is 
greater than the latter ; since the said deficiency is greater at 
the ends of the axis-major than at those of the axis-minor, in a 
much higher proportion than the distances from the eontro of the 
ellipse. The importance of this consideration is enormously 
enhanced by the fact that the axis-minor must be always kept 
very small. The whole result is consoquontly a progressive 
rotation of the ellipse. 

Note B, from p. 64.— That the resistance of the still air, if it 
could act separately, would cause an angular movement of the 
axis-major in the direction contrary to that in which the hob 
describes the ellipse, can be scon in a similar manner. See 
Mg. 12, in which the axis-minor is, for clearness, made greatly 
too large in proportion. Whilst the bob is going from I) to A, 
the resistance of the air, which is tangential to the curve, tends 
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to make A rogrcss, becauno it cauKCH tlie bob c»f fhc» pi'iiiltihmi 
to cease riBing fiom E, and begin to iuin dowinuinii, hutmin tban 
it would do without that resistance; tliafan befoie it low loaidud 
the last preceding pomtion of A But whilst tlie bob w iroiin^ 
from A to B, the tangential losistanee itnds^ in a eoireh|Hiiifliiig 
manner, to make B progress. The fonner effect, horn e\ei\ e\i ei ik 



the latter, because wlulnt the bob is nning fioni t) to A its 
velocity and the consequent lehintimee of the air me at tbui 
maMinum at JInt, hut 'i^lulst the hob m going ftoni A to B tin* 
velocity and the resistance' onl) reneh their ina\inaini ai !imi^ 
The whole result will be that the (dlijwe ** would rotate lotto- 
grossivoly if the resistance of lh<* still air were tin' onij distuiber 
oi tho elliptic motion. This w eorroboratul In the e\piTi«ieiitii 
oi Mr Alexander Gerard. Ilonevc'r, if the ellipse be fiatro\V 
enough, the last-mcmiumcd etfeet will evidently be inercirp'd by 
the resistance of the wake stream ; so that the whole ellVit tniiy 
bo quite small. 
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CHAPTER V 

ON' THE POSITION OF THE DYNAMICAL HIGH TIDE 
KELATIYELY TO THE CELESTIAL TIDE-PEODUCING BODY. 

As IS often done for simplicity, we shall consider only the tides 
that would bo produced m a canal of uniform depth and of Uni- 
term width running right round the earth’s equator and 
returning into itself , and we shall suppose the tide-producing 
heavenly body to be alwa}s in tho plane of the equatoi. "We 
shall, moreover, coniine our attention, at first, to the tides 
caused by tho moon 

Wo need not do more than remind the reader that the lunar 
tidal forces arc directed as the outer broken-line arrows lu Figs 
15 and 16, the moon being away to the right, and that they 
consist only of tho diffoiontial atti action of the moon on the 
water of tho ocean^ or tho diffoicnce, both as to magnitude and 
diicction, botwoen hor attiaction at tho coutro of the earth and 
at the various parts of tho superficial ocean Tho tangential 
tidal force at a point on tho earth’s suifaco having tho angular 

distance 6 from tho moon is } sm 2dy , and the radial force 

rYI 

at that point is (cos 2d + ])r > ^ earth’s radius, 

M the moon’s mass, 11 tho moon’s distance from the earth, and 
y the unit of gravitation These forces arc, then, inversely pro- 
portional to 11** The difiorential tidal foico is at its maximum 
directly under tho moon, where it is all radial, and whore it is 
onl} about l/29th of tho moon’s whole attraction at tho distance 
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of the earth, or about 1/8, 400, 000th of or the earth^s attrac- 
tion at its surface If the earth* always kept the same Bide 
turned towards the moon, the lunar tidal forces would, of 
course, produce one tidal protuberance in the water on the side 
of the earth next the moon, and another on the opposite side 
The protuberances would be stationary on the earth, and the 
discussion of their magnitude &c would be one of h}dro8tatiCB 
only, they are therefore called statical tides, or equilibrium 
tides. 

But as the earth rotates under the moon, the actual case ni 
our equatorial canal would be yery different The two tidal 
protuberances and inters ening depressions, in order to keep up 
with the moon, would have to sweep right round the canal in 
the mean period of 24 hours 50 5 minutes, at the rate of 1 003 5 
miles per hour This they would do, not after the manner ot a 
tremendous torrent moving bodily along with that enormous 
velocity, but in the stjle of a smooth ground-swell in the sea, 
whose gentle wave-foims may be travelling onwards with a con- 
siderable speed, although the individual particles of the water 
are only moving backwards and forwards, for short distances, 
with quite small velocities This is the manner in which the 
actual tides in our oceans really do travel We are thoreforo 
concerned with a dynamical question, and have to do, not with 
statical,’’ but with ‘‘ dynamical,” tides The present subject 
is one on which it is very easy to go wrong , it contains several 
instances of what any person insufficiently acquainted with it 
would naturally regard, at first sight, as apparent paradox 

Let us begin by noting briefly the way in which the wat<^r 
moves in a travelling wave, or water-undulation An} one can 
observe this for himself when watching sufficient wind-waves on 
the sea , although such surface undulations differ importantly in 
certain respects from tidal ones, whose disturbances extend to 
the bottom of the ocean See Pig 1 3, which represents two 
waves moving towards the right The upper dotted arrows 
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show the directions. of the movement of the various parts of the 
water. The lower arrows the directions of the gravitation forces 
due to the disturbance of level. On the crest of the wave the 
water is moving* horizontally forwards with the greatest velocity; 
at the bottom of the trough the water is moving horizontally 
backwards with the greatest velocity. At the points of mean 

Fig. 13. 


f 

level, halfway up the slopes of the wave-ridge, the water is 
moving neither forwards nor backwards, but on the front slope, 
vertically upwards ; while proceeding to form the upper part of 
the ridge by addition in front ; and on the hinder slope, verti- 
cally downwards ; while withdrawing from the hinder part of 
the wave-ridge. In a wind- wave each particle of water moves 
in a fore-and-aft vertical circle ; in a tide- wave in a very elon- 
gated ellipse with minor axis vertical ; this axis diminishing as 
we descend, until it vanishes at the bottom. The progress of 
the wave form is produced by continual addition of water in 
front, and subtraction of water behind. It is very easily seen 
that the velocity of the wave-form, though so entirely different 
from that of the particles of the water, will be proportional, 
cceteris ;paribus, to the latter ; and also that for a given velocity 
of the wave -form, its magnitude will increase or diminish in the 
same proportion as the velocity of the particles of water. 

Such a wave, having been started by some cause, would, on 
the cessation of that cause, continue to move onwards of itself, 
at its own proper rate, in consequence of the forces occasioned 
by the disturbance of level. There would be the unbalanced 
weight of the part of the wave projecting above mean level, and 
the unbalanced deffciency of weight , in the part below mean 
level resulting in an upward pressure in that part, Fig. 13. It 
is evident that the said pressure ,and deficiency of pressure is 
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proportional to tlie volumo of water above, and clcficieney thereof 
below mean level , that is to say (the oscillations being rela- 
tively small), pioportional to the greatest heights and depressions 
of the water The forces are then always propoitioiial to the 
distance from the position of rest, as in the case of a common 
pendulum oscillating with a relatively small linear amplitude , 
and the oscillations aie theiefore isochronous, or pcrfoimcd in 
equal times, whatever he thoir magnitude, if this he alwajs 
relatively small Of course the forces will he, ccete'i is jpauhns, 
proportional to the intensity of gravitation If the defor- 
mation were so produced that the prominences and depiessions, 
when left to themsehes, would ha\e no honzontal motion, tho 
wave-forms (though not all the water) would simply oscillate up 
and down, constituting stationary waves But it started to 
move m either direction, they would continue to move, of them- 
selves, in that diiection, at then own rate, iiniil their motion 
was destroyed hy friction 

The ahovo-mentioned nnhalanced weight and deficiency of 
weight m different parts of the wave, acts in a two-fold mannci 
While the weight of the prominences tends to depress them, and, 
hy hydrostatic pressure, to foice outwards tho water of the in- 
tervening parts below the mean le\el, the tangential component 
of gravitation on the more supeificial paits of the water on the 
wave-slopes is part of the whole motive force Tho radial (or 
vertical) forces, whether downward or upward, and the tangen- 
tial forces resulting from gravity conspire with each other in 
causing the movement of the water of a fiee wave, and there- 
fore the whole effect is the same in general character (which is 
all that now concerns us) as though the gra\itatioii forces were 
entirely tangential 

This 18 true of the lunar tidal forces also, the radial and the 
tangential oonspire with each other in their constant effort to 
lower the water at 90° away from tho moon, and to raise it 
under, and on the off side from, the moon , their whole general 
effect is the same as if they w ere entirely tangential. This con- 
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sidciaiion is strengthened h} the fact that the tidal effect of the 
lunar radial (or veitioal) forces is quite insignificant as com- 
paicd with that of the tangential ones 

Thcretorc, consideung what oiii present object is, we may, it 
convenient, treat both the gia\itation forces and the lunar tidal 
forces as though they wore wholly tangential, and it will be 
vei> convenient to do so presently 

Tlio two tidal waves with which we have to do constitute 
what we shall call an ellipse, it being nearly biich , as repre- 
sented b} tlio ellipse in Pig 14, which ib Pig 13 adaiited to our 

Pig 14 



present purpose The} are supposed, in the diagram, to be 
moving, or revolving, rclativel} to the body of the earth 
(loprcscntcd by the shaded ciicle), in the direction of the hands 
of a w^atch The doited arrows outside the ellipse represent the 
horuontal movements of the water itself, m accordance with 
what we have deBcnbed above as the movements of the water in 
a wave The arrows wnthin the ellipse represent the positions 
and directions of the tangential and radial gravitation forces 
The tangential forces are acting throughout one half of their 
reach, or extent, conouriently with, and through the other half 
agambt, the motions of the water which would ho produced by 
them m a free wave, as with all ordinary oscillations, for 
instance those of a common pendulum 

Now it so haiipcns that the general scheme of the lunar diffe- 
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rential forces all round tlie earth, as regards their positions and 
directions relatively to each other, is similar to that of the 
above-mentioned gravitation foices , so similar that it the moon 
be supposed to be opposite a side of the tidal ellipse, the 
members of the two sets of forces will, with a tnllmg exception 
mentioned below, respectively agree in direction and act 
together The gravitation forces of the tidally-defoimed water, 
shown by the inner arrows m Fig 14, produce, as wo have seen, 
the motions of the water shown by the outer dotted arrows in 
that diagram It is evident, then, that the Innai tangential 
forces, whose scheme is similar, if they could act by ihombolvos, 
without calling into being the giavitation forces, would produce, 
under the condition of the rotation of tho eaitk beneath th(» 
moon, a similar s;ystem of movements of tho water, whose direc- 
tions would be represented by the said outer ariows m that 
diagram, and whose relations would he very nearly those of tho 
different parts of a great ocean wave whoso length was equal to 
a semi-circumference of the earth 
Thus the actual tidal waves move under tho influence of a 
scheme of lunar forces, acting along with a generally similar 
scheme of gravitation forces, which they ihernsolves hav(^ 
occasioned (In the present chapter we are quite unconoeinod 
with the trifling diflcrences of detail which exist between the 
lunar and the gravitation forces The only one worthy of 
mention is that whilst the very slightly operative lunar ladial 
(or vertical) force vanishes at 54° 44' from tho moon, the 
gravitational radial disturbing force vanishes at the moan level 
of the water, which, without friction, would be 45” from the 
moon, very nearly, and, with friction, differently situated, as 
will he seen from pages 81 and 82 below ) 

One considerable difficulty m understanding tho produotion of 
the dynamical tides arises from the coexistence and cooperation 
or antagonism, as it may he, of these two systems of forces 
Let us note now that if v he the velocity with which a 
free, fnctionless undulation of the water, reaching to the bottom 
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a*iid of very great lengtli relatively to the deptli of the water, 
would travel, of its own accord, v= dg; d being the depth of 
the waiter and g gravity# In order that such nndulatioii should, 
so travel with the mean velocity necessary for its keeping up 
with the moon, at the equator, viz. ; 1003-5 miles per hour, the 
depth of the water (=n^/y) should be 12*/ 6 miles. As there are 
t^'o complete tides in every lunar day of about 24 hours 
60 minutes the mean period of a single tide is 12 hours 
25 minutes, very nearly. If the depth of the water were less 
than that just mentioned, a free tidal wave could not keep up, 
of itself, with the moon ; and its period of oscillation would be 
greater than 12 hours 25 minutes ; if it keeps up with the moon, 
as it would have to do, it must be as a “ forced wave,” forced hy 
Innar tidal action. But if the depth were greater than the 
depth, just mentioned, the period of a free tidal oscillation would 
he less than that of the forced lunar tidal wave; if it keeps pace 
with the moon, as it wonld have to do, it must be again as a 
forced wave, but one whose velocity is restrained hy the lunar 
tidal action. The depth now in question we shall call the 
critieal depth. (That is for the equatorial canal. If the canal 
ran along the parallel of latitude X, the velocity necessary for 
keeping up with the moon would be 1003-5 cos \ miles per hour ; 
and the critical depth would be 12-76 cos“X miles.) 

"What then will be the position of the lunar dynamical high 
tide, relatively to the moon ? 

This is really a manifold question, which requires four diffe- 
rent answers, according as the water is supposed to be with, or 
without, viscosity, or friction ; and as the depth of the water 
(always uniform) is supposed to he less, or greater, than the 
critical magnitude just mentioned. We shall consider after- 
wards the case when it is of that magnitude. 

lirst, then, let us suppose that there is no friction, or viscosity, 
in the undulating water. 

A 1. Let the depth of the friotionless water be less than 12-76 
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miles, the critical depth, so that a free tidal wave wonld oscil- 
late more slovl} , that is, with a greater period, than the forced 
tidal wave In this case low water of the djiiamical tide will 
be Tinder the moon , that is, high water (which for the statical 
tide voiiJd be under the moon) will be 90^ behind, or east of, 
the moon 

A 2 But let the depth of the frictionless Avater be greater 
than 12 / 6 miles, the critical depth, so that the free tidal wave 
would oscillate more rapidl} , that is with a shorter period, than 
the forced lunar tidal wave, then high water of the djnamical 
tide will be under the moon , that is, it will occupy the same 

position, relatively to the moon, as high water of the statical 
tide 

Both these cases are comprehended in Airy's general mathe- 
matical expression for the height of the water of the frictionless 
dynamical tide in an equatorial canal, at a given angular distance 
from the moon (See I^oxe A ) 

Airy proposes the following interesting illustration of this 

If there were two equatorial canals, such as the above, side by 
side, to all appearance similar, one, however, being less and the 
other more, deep than the critical depth, then, with frictionless 
d3namical tides, high water in one canal and low water in the 
other would run abreast (See Hoxe B ) 


We can, for ourselves, put the explanation of this into tho 
following simple form, which will be found to he quite sufficient, 

a ough It does not go into any details of the movements of tho 
water 


[N B We shall sometimes, for brevity, speak of water which is 
of less than the critical depth as » shallow” water, and ot that 
which IS of greater, as “ deep ” water ] 

]^t us begin with considering a simple example which illus- 
trates the general principles involved 

A pendulum 18 hanging at rest, it would have its own proper 
period of vibration under the influence of gravity Now suppose 
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it to bo acted apon by a system of small reciprocating impulses 
wbicb have a different period, and whose magnitude is inde- 
pendent of the amplitude of the vibrations and constant, the 
form of the impulses varying between zero and maximum accor- 
ding to their own law, and symmetrically on each side of the 
point of rest of the pendulum. The amplitude of the vibrations 
will increase by accumulation, and the tangential gravitation 
forces called into being by the excursions of the pendulum from 
tho position of rest, and i)roportional thereto, will also increase. 
They will soon become great enough to bo able, by the baffling 
effect due to their efforts to establish their own vibration period, 
to prevent any further increase in the amplitude of the vibrations 
under tho small external reciprocating impulses, which, as we have 
said, remain of constant magnitude. It is evident that the smaller 
the difference between tho period of tbo pendulum, if free, and 
that of tho impulses, the less will be the said baffling effect, and 
the greater tbo final amplitude of vibration. When the amplitude 
has arrived at tho maximum (equal on both sides of the point 
of rest) for the given pendulum and for the given reciprocating 
impulses, tho final, settled state of things is reached ; the period 
of vibration being that of the impulses. Tho two systems of 
forces will be both symmetrical on each side of the position of 
rest of the pendulum, and therefore so with each other. 

So must it be with the scheme of gravitation forces created by 
the tidal deformation of the surface of the water of the equatorial 
eanal and the scheme of the lunar tidal forces. They must get 
into such a final relative position that their respective axes of 
symmetry will coincide ; and this, of course, involves the coinci- 
dence of the axes of the tidal ellipse and those of the scheme of 
disturbing lunar forces ; leaving the question still to b© settled 
in which of the two possible ways the coinoidence will occur in 
the particular case; whether as in Pig. 15, or in Fig. 16, the 
moon being away to the right. Either the longest or the 
shortest axis of the tidal ellipse must point directly to the moon. 
As before, the shaded circle is the body of the earth, and the 
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ellipse the surface of the water, the ollipticity homg enormously 
exaggerated The apparent motion of the moon, or that relative 
to the surface, is always watch-wise 

Take now the case of a “ shallow ’’-water tide in the equatorial 
canal, which would spontaneously oscillate and travel more 
slowly than the moon would ha\o it to do. As we have said, 
the motive force, causing the spontaneous free oscillatious of the 

Pig 15. 



water, is the weight of the high-tido prommoncos and the deflei- 
eucy of weight of the intervening low-tido doprossions. Now it 
IS evident that the tidal wave has to travel ar the moon’s rate ; 
however this he brought about In order that the “ shallow 
water tide may oscillate and travel quickly enough for this, it 
must become so situated relatively to the moon that its own 
just-mentioned motive forces shall have the moon’s tidal forces 
helping them , and it is evident that this will be so when the 
middle of a side of the tidal ellipse is, at least, nearly opposite to 
the moon That is to say, low water must ho, at least, nearly 
under the moon , and from what we have seen above, if it be 
nearly so, it must be directly so, as m Pig, 15 j and this of 

course applies equally to all depths of water less than the critical 
depth. 

Take now the case of a “deep ’’-water tide, whioh would, if 
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free, oscillate and travel more quickly than the moon -would have 
it to do. It must travel at the moon’s rate ; however this be 
brought about. In order that it may move slowly enough to 
keep pace with the moon, it must get into such a position re- 
latively to the moon that its own motive forces shall have the 
moon’s tidal forces opposing and restraining them ; and of course 
this will be so when the end of the tidal ellipse is, at least, 
nearly opposite to the moon. In other words, high water must 
be, at least, nearly under the moon, and therefore directly so, as 
in Pig. 16, and this manifestly applies equally to all depths of 
water greater than the critical depth. (See Note C.) 


Fig. 16 . 



Thus the summit of a ‘‘ deep ’’-water dynamical tide would 
occupy the same position, relatively to the moon, as that of a 
statical tide. But the magnitudes of the tides would be 
generally different. If the water wore not too much deeper than 
the critical depth, the dynamical tide would be the greater; but 
if the water were deep enough, the statical tide would be 
greater; and of course for a certain intermediate depth they 
would be equal. 

“We may here note the following: — If two canals of uniform 
width and depth ran side by side, along two parallels of latitude 
not too close together, each returning into itself, and if they 
were both of the critical depth corresSponding to the mean lati- 
tude which depth would be, as we have seen, 12*70 cos^A 
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milcH, tlien lugh wator of ono canal and low mater of lln* otlior 
mWd iixn abieant; Hinco tho morn lawthnih ntiiial \unilii !«* 
deeper, and the more Houthml} Hhalhwnr, than iIh mui nil mil 
depth 

Uerhapa It might he ihonghi that if iliematn, m wmln Ihn 
piobcnt isiippoHition, mere alHolmely IrintionleN^. them mould 1 h* 
jiothmg to pmvont the ])ro| uhei am oh of n Htatieal tide %\u*eptiig 
round tho earth hadily, ui thi^ nmimnr of a Molid numn, at the 
angular rate of the moon, with their mimmitH nlmuxH under, iiinl 
on tlie off hide from, the moon It ih (piiti* trm^ that ntieh a tide 
oi tho piopiu nuignitude fonmal and net gtdmg /a/ MHih #i//? t 
a(/e)u If to BO ira\el with peifed, aetmm*), mmdd to* kept up 
the moon, and would piewave ita position relati\el\ to tin* nioon* 
liut the moon ilhelf eould not ao Hiatt HUeh a tnh*; heutu*%t* the 
Tailed action ot the moon, on the diltnent partn of the hithnto 
■undiBiurhed water on the rotating emtli, m’ouhl pmduee tlineni, 
at once, a system of Tailed movnnenth agi(*eing veij mciii) mifh 
that of a tree wuive-molion (see p. 71); thus emiting iiiinit» 
diately a dynamical iid(‘ 

Now lei ns reoognmo tho fndion, or \Heohity, of the niidula* 
ting water 

BL When tho depth of the wain is lens thiin the nitnal 
depth (bo that a free, fiieiionlosH, tidal mave mould moie nmtf^ 
slowly than tho moon wmdd have it do), the ofleel of the 
addition of fnotion, paradoxieal as it might tmnn iil fird 
IS to make high water to be hrfote the place, lelalnely to tin! 
moon, that it mmuld ocampy without friction ; that m %aj , high 
tide would be somewhat less than IH)® hehind, or east of, tlio 
moon, and it would occur sooner in thiui than it for 

frictionloss water, 

B2. On tho contiary, if tho depth of the 'Water wer«^ greater 
than the ottiieal d(‘pth (so that a fiee, friotionlc^p, tidal maio 
would move more quickly than tho moon would hiiTo it to do I, 
the effect of added friction would bo to make the of Ingli 
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water to be behind the place, relatively to tbo moon, that it 
would occupy without friction ; that is, it would be a little dis- 
tance behind the moon, instead of being directly under her, as 
it would be without friction, and it would come later in time 
than for frictionless water. 

The analytical proof of these two statements will bo found in 
pp. and 332^ of Airy’s Art. referred to in Note A. 
Though he omits, in that jdace, to state B 2 for us, he enables 
us to do this for ourselves. We may observe that all four state- 
ments Al, A2, Bl, and B2 will be found in Prof. George H. 
Darwin’s Art. Tides in the last edition of the Encyolopcedia 
Britannica, 

The geometrical proof of Bl and B2 is quite simple. Por it 
we must now turn to the consideration of the movements of the 
different parts of the water of the tidal wave ; for it is on this 
that friction depends. 

Pirst we take case Bl, availing ourselves of the mode of proof 
given by Itev. T. K. Abbott, Pollow of Trinity College, Dublin. 

Pig. 17. 





Suppose that we are standing on the ground beside the canal at 
a, Pig. 17 ; the body of the earth rotating under the moon 
conn ter- watch-wise ; as we are carried on towards the point 
under the moon, the velocity of the tidal current indicated by 
the dotted arrow is increasing under the continued action of the 
lunar tangential force indicated by the broken-line arrow; and 
therefore the frictional resistance due to the current is increasing 

a 
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m tlio opposite direction; m addition to tbi»^ ll»o tiiiigc'idial 
lunar disturbing force, wbicli hm brnni, and w, giving the wtit(‘r 
its mcroasing velocity, i« itnelf dnuinmbing, The friction rows- 
tance will therefore beeoino equal to the oppositcdy din^etiHl liinnr 
tangential force, Bomowhai. bofori' this force becomen znn , that 
is, at a point short oi that under the mooru At that, innnt, then, 
the whole tangential foice passi's thrtnigh 7f*ro, and idningf^s its 
direction, and begins to pull the water baekwaids agiuiintr Ihiit 
hohmdit, ihiis causing it to eease tailing Koon(»r than it would 
do without fnction, and at. a point ahead of that umler the tnooii. 
And, for a similar reason, high water will oeeur at a point Blunt 
of, ^ e ahead of, ()()'' behind tho moon Thus, us in Fig* 17, the 
axis-mmor of tho tidal ollipso will not point to the moon, Thw 
acceleration of tho phases of the tub' ih e\idently at tho expenw 
of some ot the magnitude of th(' title. The tnh^ ctumeii to fall 
before it has reached what wouhl he its Imrhi point without 
friction. 

In case B2, as wo can easily see for ouiMtdvc*^, ihti eontrnry 
takes place; hecauso tho dinn-tions of the tulal eurrents, both 
under tho moon and t)(Fawa),aie tho oppoHite of wdiiit tlie\ 
arc in case A1 Hupimso that are standing tlie ground 
bosido tho canal at />, Fig. 18, whielihiinnoi yet leached the point 

Fig IH, 



under tho moon. As we arc carried by the rotfitiort of the 
earth near to that point, the lunar tangential force is «!owiiig 
the current ; and the frieinm-resmtanc4s now iicur ita 
conspires with it m so doing. When wo hau»i reaclied th© point 
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EEcler the moon the lunar tangential force has vanished ; hut 
the current, of course, continues, and the friction continues 
slowing it, and though the lunar tangential force begins, at that 
point, to act in the opposite direction, and against friction, it 
will not become equal to it (and then greater than it) until we 
have been carried by the rotation of the earth more or less behind 
the moon, as in Eig. 18. Therefore the greatest slowing is at a 
point behind that under the moon ; and there high water will 
occur. And, for a similar reason, low water will ho similarly 
retarded; and, as in Eig. 18, the axis-major of the tidal ellipse 
will not point to the moon. 

Or thus : — Eriotion, in the case of a “ shallow ’^-water tide, 
prevents the full formation of the hinder parts of each tidal 
prominence, and of each tidal depression ; thus making the high- 
est and lowest points of the water to be ahead of the places they 
would occupy without friction ; hut this, as is evident, is at the 
sacrifice of some of their height and depression, respectively. 

On the other hand, in a “ deep ”-wator tide, the friction jme- 
vents the full formation of ihQ front part of the tidal prominence 
and of the depression, with, of course, a contrary result ; and 
again at the sacrifice of some of the height and depression of the 
tidal wave. 

It is evident that the forward, or backward, shift of tbe posi- 
tion of low, and of high, water will he greater, omteris ^arihus^ 
for a greater coefficient of friction ; though only up to a certain 
limit to he mentioned later on, p. 86. It will also be greater, 
mteru ^arihuSp for a nearer approach to equality between the 
periods of free, and of forced, oscillation, or for a nearer approach 
of the depth of the water to the critical depth. 

But now let us ask, if the frictionless water were j ust of the 
critical depth, what would be the position of high water relatively 
to the moon ? The principle appealed to above will help us to 
answer this question as well as it can he answered. The moon 
would not then be forcing the water to oscillate, and the tidal 

q2 
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wave to travel, at a rate diffoioiit frotii its s|M>iitimerm« rate 
Exiclor gravitation , and thcieforo the lunai tidal toioes wtailtl 
liavo to bo, on the whole, neiihei Indping nor oppowng giiivitv^ 
as regards affecting ilio OHoillai ion-rate of the \\aten It might, 
then, seem that if theio waio a tidal ellipse, tlie four poinlH of 
halt tide, where tho watc^r is at the niCMin le\(d, shoultl he at tin* 
points imdci and o|ipohii(‘ to the moon and IH) liefore hei and 
hohmcl her , that is to sa}, the high tide, which Hlatiealh would 
ho nndoi the moon, should he at th(‘ point of 15" ludiiml, or cyst 
of, the moon But tho caso would ho a pcHuharoiie If the 
depth of tho water w(uo e\er so little h'ss than theentnuil depth, 
high water would be Iff behind thin said point , and if the 
depth were ever so little greater than the eritual d**pth high 
water would bo 45® botoro that point. Thnw, oven thongti it 
wore mathomatioally possible, so to spcuik, that tin* |ioint of high 
tide should remain at dh^Miehind tlie moon, it would not be 
practically possible, beonuso tho condition wumld bc^ one of 
instability. But, moreover, oven it a tidal wave in wiitm* of tin* 
cntioal depth could he, by some ineniiH, foimed with it i eic*Kf 15/’ 
bobmd the moon and started so as to keep up with her, tin* himir 
tangential force (vastly more important tlian the ladial) wmuld 
he, as 18 evident, continually helping giavitv in the fionf part of 
tho wave and opposing it ecpmlly in the hinder pint* Tin* roMiifc 
wmuld bo such confusion ns would destroy the wave before long* 
Wo have just seen that it would he impoHsible her the ere*^! cif 
tho wuivo to remain at any other point witluti the first f|iiiidra»l 
hohmd tho moon , it must bo either hCt ' aw ay fiom the inotm nr 
under the moon, with an equal light to both |miiitioiw, Hlnee 
tho period of the alternating lunar disturbing forees wmttld be 
the same as that of tho free oscillation of tlie water, It i« evident 
that those oscillations, if they exist c‘d, would become In finite, hut 
for certain conditions of tho casii which would prevent this. 

The above conclusion, drawn from simple gemiietriefd eotisi- 
derations, is in acoordanoo with that whicli Airy derivci frtuii his 
equation given in Noti A, which sec. Ho olisorvoi that if i wicl 
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W become equal, that is if d and c, in our simplided form of the 
equation, be equal, that is if the water he of the critical depth, 
the tide would be theoretically infinite, and the equation fails! 
Ilis interpretation of this failure is that the motion of the water 
would not he oscillatory in the manner of a wave ; but that it 
would be that of a torrent of unequal depth passing round the 
earth so as to follow the apparent naotion of the moon. 

The introduction of friction would, however, of itself, keep the 
height of tho tide finite, even though the water were of the 
critical depth. Since friction always increases with the velocity 
of tho oscillating water, which velocity would obviously increase 
with tho magnitude of tho tide always going at the moon’s rate, 
friction would increase with the latter (see same Note) ; and 
therefore the magnitude of the tide with friction could not 
increase beyond the reasonable limit at which the general result 
of tho increasing friction in keeping down the magnitude of the 
tide became equal to that of the lunar forces in accumulating, or 
piling it up. 

It is generally considered that in the actual, relatively very 
small, tides of tho ocean (away from shores), because of the 
smallness of the velocity of the particles of water, the friction is 
nearly proportional to tho simple velocity of those particles. But 
in tho present supposed ease, in which the tides would be very 
much larger, and in which tho velocity of the water would be 
correspondingly groat, the friction would be probably nearly pro- 
portional to the square of the velocity ; and as the forces of free 
oscillation would bo very nearly proportional to tho distance of 
the summit of tho tide from the position of rest, the oscillations, 
in this case, would bo still very nearly isoohronous, for diflierent 
amplitudes, and moreover their period very slightly altered (in 
accordance with a well-known dynamical principle illustrated by 
a pendulum with small amplitude of oscillation, whose period is 
sensibly unchanged by the resistance of the air, if this varied as 
the square of the velocity). Thus, while the friction would keep 
down the magnitude of the tide within reasonable limits, it 
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would alt ei 'vei) little tlio poiiocl of the fioo iindulitlion of tlio 
water, and ecmBciiuently the nitaoul d(*pth of ilio 
miih fuction would ho noaily the bame m ilud tor waiter without 
friction 

SiippoBO the depth of the kIuiIIow widot to iuoroaM* giiulu- 
ally, tlio magmtudo of tin* tide wall inrroaho fihtor than tho 
depth , and Ihoteroio the velo( liy of tlu‘ wader will me reaso, mid 
80 will the fuetum (hoo Nojii A), iuhI tlieietoie the hhdt of tlie 
point of high wader wall inereaM(‘ But an the l*ri< tmu puneiiH 
the height of the tide, and thmidore the \elm*d> ot the paitieli^n 
of water, from b(‘eommg nuhdlndi'h great, it mdnertly pnvmila 
itR own Holf from hecouung ho ; and ihmefore the buminit ot the 
tide could novel ged within a emluin diHtimo(*oi the pond cd‘ 1«V*, 
oven though the water attaimal to the eidieal depth: wnd dia- 
tanco depondmg, as wm know, on theniagndude ot tliei'oeflleient 
of friction. Hmulatly, if a d(a'p*'«water eanal nhallowed gimlu- 
all)^ to the critical depth, the Hummd td‘ the tide oonld never gtd 
within the same dmlanco of the point ot lA ; and the linntH 
hotweeu which it would htuinpohHihle tor the high tide to reiimm 
would bo much idoRcr than heioim 

Wo have aeon that, in the “ nludlow’^-wuiter tide, neeeleration 
of the various phaBOH of ilu^ tide ih, leOrui /niei/mt, gi cider ns 
tho ooofliiaont of fncfcum ih gieati^r. Bui it will he iihiIj mwti, 
on con Hiderat urn, that no amount ot friction m ii”«hidhnv’- 
wator tide would bo able to make' the angular di^plficenieiii i»f 
luglnvater produced thorehy as much a« If)** An hmg ii« the 
water is of loss than the critical depth, the moon iniHihe forcing 
tho tidal waive to tiavcl faskw than it would do of Itself: nhe 
must bo, on tho whole, working with the gra^itiifimi forces to 
acoelorato iho oscillations of thewaUir? and, m is evident, «he 
will not ho doing tins unless the end of tlie tidal el!ip»f* l« mote 
than 45® behind hex. To this wo may add tliiii thii eoiifiwon 
mentioned in p Bl would become imjairtant if the fre«t of the 
tide wore suiiciontly near tho point of 45' timl wmtild help in 
pi eventing its reaching that point* 
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A corresponding statement, mutatis mutandis, is, of course, to 
■be made respecting a “ deep ”-water tide. No amount of friction 
•would be able to make its bigb water fall back to 45“ behind the 
moon. (See Noted.) 

It is important, for certain reasons which need not now be 
mentioned, to note particularly the conclusion from the above — 
what indeed has been already stated by Prof. G. H. Darwin, uhi 
miyra, page 375 — , viz., that whatever be the depth of the water, 
and whether there be, or be not, friction, the crest of that dyna- 
mical tide whose position, if it were a statical tide, would be 
under the moon, can never be outside the first quadrant behind 
the moon ; and that, if there be friction, it must always be within 
that quadrant. 

It is, perhaps, more important, for reasons which need not be 
mentioned, to note particularly that, as we have seen, whatever 
the depth of the water, and whether there be or be not friction, 
the crest of the dynamical tide can never be at the point of 45° 
behind the moon. 

All the above, of course, applies equally to the solar dynamical 
tide in an equatorial canal ; except that for this tide, whose 
period is 12 hours, and whose rate of progress would be about 
1037*4 miles per hour, the critical depth (=iv^jg) would be 
greater, viz., about 13*67 miles, and also that as, cmteHs paribus^ 
the friction of the smaller solar tide would be evidently less than 
that of the lunar in a higher ratio than that of the respective 
tidal forces (as well as for another less important reason), the 
shift of the points of high and of low water, on account of friction, 
would be less than that for the lunar tide. 

Airy points out the interesting conclusion that if the depth of 
the equatorial canal were between the lunar and the solar critical 
depths, that is between 12*76 and 13*67 miles, and there were 
no friction, since high water of the lunar tide would be under 
the moon, and low water of the solar tide under the sun, spring 
tides would concur with the quadratures, and neap tides with the 
syzygies, of moon and sun ; the reverse of what now obtains. 
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To tins we may add, for ourselves, the following respecting^ 
the position of high water of spring and of neap tide, when ih© 
actual depth of the fnctionless water is between the two ciitical 
depths High water of spring tides would be a]wa}8 under tlu% 
moon, and therefore 90° away from the sun Hut tho position 
of high water of neap tide would depend on circumstancos Ab 
long as the lunar tide was greater than the solar, high water of 
neap tide would be under the moon and sun But if tho actual 
depth were suihciently nearer to the solar than to tho lunar 
critical depth to make the solar tide gi eater than the lunar, then 
high water of neap tide would be 90° behind sun and moon 


Hote a, from p 76 — Airy’s equation for K, tho distance from 
the mean level of the surface of the fnctionless dynamical tide 
in a uniformly deep and wide equatorial canal returning into 
itself may be found in his Art on Tides and Waves in Enc^jd 
Metrop vol v p 322 ^ It is, after setting aside a certain 
term which is relatively quite insignificant, 

^ K 

^^cos(^^-m^), , . . (J) 

H being the moon’s tangential tidal force at its maximum (or 
^/ll, 660, 000), which it attains at 45° away from the moon, w 
being 27r divided by the length of the wave, which length, at 
the equator, is the semicircumference of the earth, making 

m = at the equator (E being the earth’s equatorial radius) ; 
t IS to inversely as the period of the forced wave (or 12^' 25“ 5) 
to that of the free wave, for the actual depth of the water , that 
IS directly as V c to V d (c being the critical and d the actual 
depth) , and is 2 0, d being the angular distance of the 

point in question from the moon Therefore the above equation 
pan be written thus, m a form more convenient for our present 
purpose, giving the value of K in feet , 

90— ^yCos 2d . 4 , 

C — w 


. . (B) 
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This expression, like (A), from -wMoli it follows, is only ap- 
proximate; and therefore for certain purposes it would not 
be right to give it too great a range of application. But the 
following can be derived from it. 

Selecting the point under the moon where cos 2d is 1 and a 
maximum, which makes K a maximum, whether positive or 
negative, if the depth of the water be less than the critical 
depth, the denominator is positive, and K is negative; i.e, low 
water is under the moon ; but if the depth be greater than the 
critical depth, K will be positive, and high water will be under 
the moon. We see also that if the depth be small relatively to the 
critical depth (but only on that condition), the height of the tide 
varies nearly as the depth ; that is, in a slightly higher ratio 
than the depth. We see also that, if the water be of the critical 
depth, K is theoretically infinite, and the expression fails. 

We may note also the following ; — It is easily seen that if the 
depth of the water were to increase gradually, and if the 
magnitude of the tidal wave increased in the same proportion, 
the velocity of the particles of water would be constant, and the 
friction constant. But the above equations show that if the 
depth of the water increased, the magnitude of the tide would 
increase in a higher ratio, and therefore friction would increase. 

We see also from equation (B) that if the actual and the 
critical depths be not very different, the height of the tide will 
vary nearly as the inverse of the difference. Hence, if the 
actual depth were between the lunar and the (greater) solar 
critical depths, or if it were greater than both those depths, the 
solar tide, which is now about f of the lunar, would be the 
greater of the two, if the actual depth were sufficiently nearer 
to the solar than to the lunar critical depth. This, however, 
may he called self-evident after some of the considerations 
adduced in the text. 

ISTote B, from p. 76. — In Airy’s well-known geometrical proof 
of the position, relatively to the moon, of the frictionless 
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dynamical higli Mo (M Nois ^ 11 A 8., vol wvi p 221)), tho 
wiiter had his attention fixed oxelusivdy on i,lu^ case in which 
the moon must bo forcing tho reluctant water to oHcullato fant 
enough for the tidal wave to keep up with heisdf, and ilmn tho 
demonstration applies only to ‘‘ shallow- Vatei tidt*H (\ame- 
quently in that place the reader has only one hide of the tpn^Htion 
set before him, and if ho is unacquainted uiih tho nulhoi’s 
analyhcnl treatment of tho subject in tho prot‘(‘ding part of tho 
very paper now cited, oi m tho Ait K^feru'd t.o in our Iasi Noti^ 
he may be (and appaienil}- somciiincH is) loft under thc^ im- 
pression that low water of tho fiulionloBs dynaniieal tuh^ m 
necessarily always under the moon But this gi'onudneni proof 
can be easily applied, mafajiHliHj to ‘‘^deep-’' watx'r iides, 

if we remember that in tlioin tho moon muHt ])o forcing tho 
water to oscillate slowly enough that tho tidal wavis wlu‘n, 
produced, maj^ keep hack with lunsclf 

Mem It IS easily scon that tho ccpiation for I\, tlio hmght 
of the frictionless djnamical tide, given by Aiij m p 22tl of tha 
paper refeired to m this JS^ote, and in Kno i/c/r, vol \ , p. 222 

^ mJilc 

IS the same as that (marked A) which wo have copied in our 
last Note, although they look so difforont. 


Note C, from p 79 -It might, perhaps, soom at ftmt. sight 
that if the former relations of direction botwoon tho vnnouH 
movements of the water and tho sohomo of lunar furoes worn 
consistent with the moon’s keeping up tho t.ido, tho rovorHiil of 
these lelations should be inoousistont thoiowith. But h't us 
remember that in tho former case tho lunar forces wore luiiiig 
for only half their time concurrently with, and for tho other 
half against, the movements of tho water, just as with all 
ordinary osciUations or vibrations Wo aro no woiao off now 
as regards this than we weie before, tho only difforonoo i« that 
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the coMCurrences and oppositions have exchanged their situations 
relatively to the moon. 

Though it involves a little repetition, we may take this oppor- 
tunity of putting together the answer to the following point, 
which some might possibly feel, at first sight, to he a diffi-culty. 
The spontaneous movement (if permitted) of the tide, when 
created, would he due to ^ ; how then can the lunar tidal forces 
control that movement, if they he, as we have seen in p. 70, so 
excessively small in proportion to ^ ? Because the lunar tidal 
forces act on and move all the water throughout its whole depth, 
and are sensibly independent of the existence of the tidal de- 
formations ; while the gravitation forces, though acting on all 
the water, are self-balanced as regards their pull on that below 
the level of low water ; the forces which would produce the 
spontaneous movement of the tide, if free, consist only of the 
gravitation forces acting on the relatively very small superficial 
tidal protuberances, and are proportional thereto. Suppose that 
a wave like the tidal wave, and even of great m£).gnitude, 
whether in “ shallow ’’ or in deep ’’ water, were created and 
started to move from E. to "W. by some other agency, and then 
left to the moon alone ; the confusion due to the continued 
baffling action between the independent lunar forces and the 
others, at first very much larger, would reduce the magnitude 
of the tidal deformation until the gravitation forces, dependent 
on, and proportional to, that deformation, became diminished 
enough to be under the control of the independent and constant 
lunar forces, 

TTote D, from p. 87. — This follows also from Airy’s equation 
for the height K, above mean level, of the surface of the tidal 
wave with friction, at the angular' eastward distance d from the 
moon. See £fnc. Metr, vol. v. pp. 331 * and 332 If the 

water be of less than the critical depth, the equation at the 
very bottom of p. 331 ^ may be written thus : — 
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C being a constant, aiitl I) an angle wli<ine tangent iH|»i()iH>Tlit>niil 
to the coolHcient of fuel ion, wlneh would he the a.unc at evei-v 
part of tho tidal wave for any given fiietion, hut ivould \.iiv 
111 the Bamo direct ion aa tho fiiction (weto ttiiH to altei), the 
upper limit of tho magnitude of this angle being iio". 

It IS high water when IC is gieiitest, or eos (2(H I>) ih at its 
minimum, tliat w when 2fH- 1)= !«(»", or «■=!)(» .. UJ. n; 
now, tho fnetionhesoeveeediuglj great (liat 1) iHneuiIj'iip (o its 
maximum 90", thou 0 (whieh mthont trielioii would he ! (i ) is 
slightly moio than 4.)’. That is to say, t.lu' forwnid elult of 
tho point of high water, duo to oxei'editigly great luetioii, uiust 
be loss than 15" 

If tho water were of more than the untieal depth, the e.jimtiou 
would bo 

from which it follows similarly that tho hark ward slil ft of tho 
point of high water, from cxeocHhngl} groat fnotnm, muNf im 
loss than 

These equations show also (what irulord is wdr^ovidtmtltlmi 
if tho friction wore Tory grtait, so that I) was not tar from INi , 
making tan I) Tory largo, tho magnitudo of tho tido wmihl ho 
oxcoedingly small. 

N B oirnttod to explain that in Figs. ITi and Hi tho 
arrows ontsida tho cllipHos roprosont tho Inimr tidal 
the moon being to the right ; ihosi^ within tho olhpsos roprt^iimt 
the gravitation foicos of tho disturbed water. 



[ 93 ] 


CHAPTER VI. 

THE “HOEIZONTAL” PENDULUM. 

Although: tlie moon’s differential tidal force is quite easily 
calculable, and its magnitude perfectly well known, various 
attempts have been made to detect it by direct observation. 
The most important, but not the earliest, of these was carried 
out by. a Committee, a'ppointed for the purpose by the British 
Association, consisting of Professor George H. Darwin and 
others. The description of the apparatus used and of the 
experiments made therewith is given in the Brit, Assoc. Report 
for 1881. The attainment of the same object had been before 
sought by means of what is called the “ Horizontal” Pendulum 

This is a simple contrivance intended for the measurement of 
very small horizontal attractions, and also for the detection of 
exceedingly small changes of level in the platform on which it 
stands. It is capable of very much greater sensibility, as 
regards the latter, than the most delicate spirit-level ; moreover, 
its sensibility can be quite easily regulated in accordance with 
requirement. 

Apparently the first to set up such an instrument was 
HengeUer, a pupil of Gruithuisen’s at Munich, who, not later 
than 1832, did so in the manner shown in fig. 19. (See paper 
by Prof. Safarik in Fhil. Mag. voL xlvi., 1873, p. 412.) de is 
a rigid rod carrying at its end a ball of metal. The wire ca is 

* This name is useful as a designation only, not as a description. Tbe 
Pendulum’s rod need not be horizontal, and its plane of oscillation imist 
not be so, if it is to be a gravitation pendulum. 
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attached at one end to the rod, and at the other end i^o a x>oint 
of support a , the wire dh is attached at one end to the rod, 
and at the other end to a point of resistance h The imaginary 
line joining a and h is nearly vertical, but leaning slightly 


Pig 19 

O' 



towards the pendulum Of course the smallness of the distance 
cd does not contribute in the least to the sensibility of the m- 
strmment , it would do so only if the wires ac and hd wore both 
always kept vertical The sensibility depends only on the 
nearness of the axis ah to verticality Tho hon/ontality of tho 
pendnliim-rod is of no importance, except for convenience It. 
might slope upwards or downwards from d at an angle of 45®, if 
desirable without affecting the working of the Pendulum 

It has been stated that G-auss set up such an instrument It 
IS very likely that this is correct , but in the absence of de- 
scription and of corroborative evidence, it is possible that the 
statement may be founded on a confusion between the bifilar 
pendulum now in question and Gauss’s bifilar magnetometer, 
which, however, acts in a quite different manner. 

About 1851, Mr Alexander Gerard, of Gordon’s Hospital (now 
College), Aberdeen, suspended such a pendulum in the manner 
represented in fig 20 His account of it will be found in 
Md%nh, New Phil Journ, for Apiil 1853, de is a rigid rod 
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pointed at tlie end the point being of steel resting against an 
agate cap in ad, the side of a stiff standard. The thread ac is 
attached at one end to the rod at its centre of gravity and at the 
other end to the standard ; ad should, of course, lean very slightly 
towards the pendulum. 

Fig. 20. 



In 1862, M. Perrot did the same, and exhibited his instrument 
to the French Academy. His mode of suspension, shown in 
fig. 21, was the same as Hengeller’s, with, however, this dif- 
ference, that the supporting threads ao and Id were acting very 
much less nearly against each other, the advantage of which is 


Fig. 21. 



obvious. We shall return to this subject. Of course cd is less 
than ce. Parrot’s description is in Comptes Bendus, vol. liv., 
March 21, 1862, p. 728, 


06 


OH mil ‘‘ It0Ur550NTVTi^' FLHimMrM, 


Tn tho early pari of tlio year 18(H), llev* M. H* (^low% of 
Dublin, suHpondetl 8U(‘li an mHiiumoni ui the nianiuT wliown in 
El^^ 22, do 18 the pondulum-iod, and ae and hd tlic^ auppcnhng 
threads attached at a and h to a at iff ntandard leaning ?ery 
slightly towards the pendulunu (Hee PmitHfd /%**!«•?, hy 
Prof W. F Barreit and Mr W. Brown, London, IS02, p, 2114 
Of coiirao the throads, as also those of (Serard an«l Pen ot, had 
hotter not ho i'vnbtod tin ends, which are Imlde to !>e atlVcted by 

Pig 22 



tho hj’grometricnl state of the am In thin Fig nh h an accu- 
rately straight and smooth edge projceting ftoiu tin* suppoiting 
standard towards the spectator, aeross whicdi rnlge the srinrated 
silk fibres of tlie threads (which cannot he shown iadnidniilly 
in tho diagram, on account of the smallnesM of its smle) are hent 
at a and />, so as to he practically attached tlicreto. The fllir**w 
aio made to cross the edge sepai ately, and ehme tt»getlier, so 
that each one la resting directly against the edge, in order that 
we may have simply the sum of what we may call (In antilogy 
with ‘‘ tension *4 “ flections of the seviwal tlbrei, wdthoiii 

tho tensions of tho outer ones which would exist if they erosmal 
the edge in a single cord* In this ease there in no twmn of 
tho supporting threads from the movemoni of the lainclttliim. 

In the same year 1869, and, to judge from his own words, in 
the middle part of the year, Zilllner set up hii well-knowti 
'‘Horizontal’^ Pendulum; his mode of suspeniioa being the 
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same as Hengeller’s, with, however, the difference that the heavy 
hob of the pendulum was placed quite near the axis of oscil-^ 
lation. See Fig. 23. His description of it will be found in a 
paper “ On a now method for the Measurements of Attractive 
and Repulsive Forces,” in the Proceedings of the Boyal Saccon 
Boc. of Sciences, Nov. 27, 1869. He describes it also in Phil. 
Mag. vol. xliii, 1872, p. 491, giving a drawing of it in plate 3 of 
that volume*. The wires of Hengeller and the threads of 
Perrot are now thin watch-springs, each about 11 inches long 
and attached above and below, respectively, to an upright 
column, or standard, nearly two inches in diameter, supported 
on three feet and furnished with delicate levelling screws The 

Fig. 23. 







whole height of the stand being about 32 inches. The cylin- 
drical bob, made of lead, and of about ^x pounds weight, carried 
in front a mirror by which readings were made on a reflected 
scale, according to a general modern practice. This pendulum 
is superior to Hengeller’s, in that, for a given weight of the 
whole pendulum, the stress on the supporting hands, or wires, and 
therefore their necessary thickness and unavoidable stiffness, is 

* It is somewhat unfortunate that “ Horizontal Pendulum ” does not 
occur in the Index of that volume. 


H 



98 


ON THK ‘‘ nottm)KrVL PHNOtlLinf, 


much losB, and alwo in that ilio wmglit of ilio !>c)b lim, fora 
given angular dopaiimo of the pendulum fuuu ilu^ position of 
rest, 80 much lebH sideuaid moment agimihi tln^ huppoituig 
siruoiurc, which ih calcuLiied to cauHc* laimal \iid<hng theieiii 

Lord Kolvirdn device ior attaining the Kanu» olyi^et iih uho\<* ig 
dcsciibod in ihoii//^ Htpoiffm ISHl, p 9;i* ami Inltm 

in the MepoH ioT IhtKl, p 291, it ih m reality a Iloii/ontul 
rondulum in diHguiH(\ 

Dr von Hoheui-raHchvvit/'H lloimontal Ptndnlum maj lie 
icHcnhed m mmihir to >IolliierH, exetpt that luntMid of \unkiiig 
by the toiHiou ol eluHtic ImiidH it iunm on pilots at tt ami /i, 
Fig 28, eouHiHting of nteid point h in agate eups It ih dcwrihed 
and ligurod in jubI. tpiohnl for IHfl.'hp 80rn Thw 

lusiuimoni ban tho gieat advantage* ot being tieo fumi the 
modificataoTiH annuig troin the ehihtieity ot the Mippoiting thiualH 
&c, but it has, like otherH, its own B]^ecml dmadvantagts which 
need to bo guardcal against 

Tho Oiaj -Milne BcuBmogi aph, suBpemicni in 1M)I by Piof. 
Gray, of Tone Hauto, Indiana, U H A , and Piof Milm% cd Tokui, 
Japan, is a llonzontal Pendulum on the gmieuil plan of that 
icpresonicd in Fig, 29 See dcwnptiou and ditigmin of it m 
Bnt Am)c iiV/wf, 1892, pp, 107 H. 

Mr Iloiaoc JlarwnpH Bifilar Pendulum, dewtihed and fignti d 
in tho llepoitiov 189,8, p 291, ih a Ilon/ontal Pendtdum on tin* 
general plan of that m Fig. 22, above. 

Of course such mstrumenlH are read, wdmnt‘%t‘r pracdieiihle, 
by moans of a scale relleeted m a minor attiiehed to tin* pen- 
dulum, Tbc stand should be suppoitcd on tiuee pointh, sfi} 
and Fig 21, lonmng a right angle at I, there being hnelling 
screws with graduated heads at r and a. If the pfunltdiiiit he 
in tho position pp^ r would be the n‘gulati»g«iicT<*w^ for detiT- 
minmg tho lean of the axis ef vibration towiirds the pendtiliim, 
and so adjusting the sensibility of the mstnimeiit ; and i would 
bo tho sottmg-scrow for sedtang the pendulum to xero, when 
necessary, or for testing tho sensibility. 
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It is very easy to see that, neglecting provisionally tlie force 
of torsion of tlio supporting threads, wires, &c., if the inclina- 
tion, 0, of the axis ah to the vertical he very small, and the 
angular tilt to he measured he also very small (and the instru- 
ment has no special superiority without this), the delicacy of 
the instrument is proportional to g/gsmi), or inversely pro- 
portional to sin 0, or to 0 itself. Por a given very small angular 

Pig. 24. 


JP 



change e of the surface of the ground, transverse to the vertica 
plane of rest of the pendulum, the angular movement of the 
pendulum would he magnified to e/sin 0. 

But the force of torsion of the supporting threads, or wires, &c,, 
diminishes the magnification of the tilt to he measured and the 
sensihility of the instrument. Por small departures of the 
pendulum from its position of rest, this force of torsion and the 
tangential component of mg sin 0 (m the pendulum’s mass) 
vary sensibly according to the same law, viz., directly as the 
distance from the point of rest. Therefore the pendulum is 
oscillating, not merely under mg sin 0 acting at the’ centre of 
mass, hut under m^sind-fr; r being the magnitude of the 
force of torsion of the supporting threads, or hands, as acting at 
the centre of mass of the pendulum, or the moment of torsion 
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divided by the distance of the contio of nuiss from tlio axis oi 
oscillation Conaoqiiontly if ilio stand bt^ tiltcnl at ii|^bt angle's 
to the vortical piano of rest of tlio pendulum ]>y the (hinail) 
angle e, the angular movement of the pendulum wouhl ht^ to #, 
not as mg to mgm\Q^ but m mg to mgmnO^r^ that is, the 
angular movemont of the pendulum would he multiplied hy 

— , which fraotioii now representH the Keuniluhty of 
m(fmx6 ^ 

the instrument This cannot ho uiei eased ahtive unhw hy 

r 

making wir/sinO negative, that is, by very slightly inmrtimj the 
pendulum, so to speak, an far as legauls tlu^ aetiou of grauiation 
upon it, that is, by making the axis of oHcillatum Imin slightly 
backwards or away from the pendulum, ho tlmi it, ■will oseiHfite 
under amO (of com se r must ho gieafer than m//hind), 

and its sensibility will bo If r couhl Im^ iilmolutely 

unaffected by \iscosity and constant, tins would idfoid a numiJK 
of increasing the sensibility indefinitely Bui tlu* feue of torsion 
or of flection is mtorfored with by vmcoHify, and flie present 
behaviour of a spring depends on its Hx»ent hinti^rj m to tem|w*- 
raturo and sham OonBcquentl} , when r— mysind ih exceed- 
ing!} small and the sensibility of the pcmdulum correspondingly 
great, the imperfcolion of tlu^ (dastieity will lu'conu^ important, 
and the condition of the pendulum might bc\ only for a com- 
paraimdy short time, tliai of stable e(|uihbnum. 

It we may surmise from the behaviour of Zollncr’s Pmidiilum 
on the occasion dohcnbod m p dh4 of the vol of Phii, J/m/. 
above referred to, the pendulum was thus inverted ; though we 
cannot bo quite sure of this, without knowing t!m moment of 
torsion of the watoh-spnngB and the moment of inertia of the 
pendulum. 

Therefore, smeo it is obviously desirable that the Ilori/onfal 
Pendulum '' should be, as nearly as possilde, a piiixi gravitation 
pendulum, and that its action should depend m little m poiiiihk 
on the force of torsion or of flection, of the supiairlitig threuls, 
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wires, or bands, those should be as thin as may be practicable ; 
and, to allow of this, they should be made to support the pen- 
dulum in such a way as to have as little stress on them as 
possible. 'Now, judging from the drawing of Zollner’s Pendulum, 
supposing it to be drawn to scale, the mean stress on each of 
the watch-springs is at least 3*5 times the weight of the pen- 
dulum; they must bo strong enough and thick enough to 
withstand such a stress, and therefore they must have an 
undesirably groat force of torsion, to interfere, in the way we 
have noted, with the performance of the Pendulum (this oh- 
jeotion is much stronger against Hengeller’s Pendulum). To 
this we may add that for certain reasons it is desirable that the 
gravitation zero and the torsion zero should coincide as nearly 
as may be ; hut when the force of torsion is greater than may 
ho avoided, the disadvantage of the non-coincidence of the zeroes 
is so likewise. (See Noth A.) 

It would seem, then, that the mode of suspension illustrated in 
Fig, 22 is preferable to some of the others now described. The 
stress on each thread is less than three fourths of the weight of 
the pendulum; each thread, therefore, need only he strong 
enough and thick enough to endure that stress with safety. 

If the edge were cylindrical like the side of a very fine 
needle, the magnitude of the flection, during an angular movement 
of the pendulum, would evidently ho constant, and not, as above, 
proportional to the pendulum’s angular distance from any 
particular point. In this case the flection would not diminish 
the sensibility of the instrument ; but merely alter very slightly 
its zero point, or position of rest. 

In order to guard, against sagging in the support of the 
pendulum this should ho not only as short as is consistent with 
other requirements, hut solid and strong; and the weight of 
the pendulum should he kept down as much as may he, and 
stops should be provided to prevent too great departure from 
the position of rest. It should of course he contained in a case 
or box, proof against movements of the air, and with sufficient 
non-eonductivity of heat ; the inside of the box being lined with 
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tin-foil, with, sufficient metallic connection with the ground, to 
guard against unequal distribution of electricity , and the x^cn- 
dulum itself should be made of the least magnetic or (so-called) 
diamagnetic substance 

The sensibility of the instrument, or the ratio of the angular 
movemeut of the pendulum to the angular tilt to be mcasuicd, 
might, perhaps, be obtained approximately by an exceedingly 
delicate levelling screw, or by a screw woiking with a dilfer- 
ential action, which could be depended upon to produce a known 
very small lateral tilt in the stand of the pendulum, to be com- 
pared with the consequent angular movement of the pendulum 

Eut the following would doubtless be a much bettei way of 
obtaining the sensibility, if the effect of the resistance of the 
air were quite negligible The sensibility is, as we have said, 

OTlCf 

— , or the ratio of the forces acting at the centre of 

mass when the pendulum is hanging freely and when suspended 
in the manner now in view , both forces being proportional to 
the angular distance of the pendulum from its position of rest 
But these are inversely proportional to the squares of the corre- 
sponding times and of oscillation Let the shape of the 
pendulum be such that its radius of oscillation can bo easily 
obtained from measurements of its parts, this will give the 
time The time is known from direct obser'^ ation , thus 
the sensibility of the pendulum, is known If the re- 
sistance of the air be proportional to the velocity of the pendulum 
in its swing, which it is very approximate!} for very small 
velocities, its interference with the isochronism will bo exceed- 
ingly small , but it will very slightly increase the period of 
oscillation, and so make the sensibility calculated in this manner 
very slightly greater than the truth 

There seems to be very little likelihood that the moon's tidal 
force will ever be measured by the Horizontal Pendulum, or 
by any instrument working as a level does The experimenter 
must first make, with Archimedes, the rather important request 
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‘‘(live me wlu'reou I may stand’’ Not to dwell on move 
mmith in ilie eaitli'n crust, disturbances of level by changes of 
tempiuaiure, the moon’s own tidal deformation of the body of 
the earth, de , it would appear that in most cases, at least, a 
gmiile liretvo piessing on the side of a house would make the 
Vfhoh'i bahementf floor tilt to leeward through an angle considerably 
gnaitcn than the gioaiost change in the vertical by the moon’s 
t/idal force* 


Norr. A, from p 101 — Lot c and o', Pig 25, be two centres of 
force \arying dneotly as the distance , the absolute value of the 
f<jru‘s, or their magnitude at unit distance, being P and P', 

Pig 25 

r C c' 

F X-hF' F' 

respcHdivelj It is easily soon that they are equivalent to a 
ft)rcci liaving the same law, with absolute magnitude F + P', and 
with centre 0 whose distances from c and o' are inversely as P 
ami F . (This obtains, of course, not only in the line cc\ but 
tliroughout all the space around G ) 

I i iH evident that if the zeroes in the text do not coincide, and if 
the instrumont be tilted slightly in the vertical jilane of rest of the 
pendulum, there will bo a horizontal movement of the pendulum, 
which might bo takeu as au indication of a lateral tilt 

J/om We are indebted to Mr Charles Davison, Secretary of 
■Iht^ Butiah Assoeiatxon’s Committee on Earth Tremors, for some 
information on the subject of this Chapter 
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CHAPTER VII 

THE moon's variation 

The space that can be afforded, in ordinary elementary treatises 
on astronomy, to the moon’s Yariation and Parallactic Inequality 
is necessarily small ; so that various important and interesting 
matters connected 'with those lunar inequalities must be left 
out of consideration. Put as our space is at our own disposal, 
■we can now give to some of these details more of the attention 
which they deserve 

We assume that the reader is acquainted with the nature 
and the general cause of the inequality of the moon’s motion 
called the Yariation It is produced by solar differential foices, 
tangential and radial, similar to those which produce the tides 
Pig 26 IS a diagram of the chief particulars of the Yariation 
scheme of perturbing forces, and of the changes of the moon’s 
motion E is the position of the eaith, ABCD is the moon’s 
orbit round the earth , the moon revolving in the direction 
indicated by the order of those letters The sun is supposed to 
be away to the right, over A, at a distance from E representing 
388 times EA, the moon’s distance from the earth The 
tangential arrows and the radial ones drawn with broken lines 
show the reaches or ranges of action, and the directions, 
of the solar disturbing forces, tangential and radial The 
contractions will be readily understood mn, mean, cjht, 
“greatest”, 1st, “least”, jpl, “place”, vel, “velocity”, g, 
“ gaining”, I, “ losing ” The terrestrial tangential forces, to be 
mentioned further on, are not represented from want of room , 
but this IS of no consequence, if it be remembered that in the 
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YanatlOB scheme of forces they always agree with the solar 
tangential forces, both as to reach, or range, and direction 
The disturbing forces are calculated, mutatis mutaTidts^ precisely 

Pig 26 



as the tidal ones If the earth’s mean attraction on the moon 
he taken as unity, then for a circular lunar orbit, the tangential 

disturbing force -wiE be ^^3 sin 2 ®, or yi-j- sm 2 e, and the radial 

force ?^(cos2e+l), S being the sun’s mass, E the earth’s 

2EJLr ^ 

mass, I) the distance of the sun from the earth, E the distance 
of the moon from the earth, and e the moon’s elongation from 
the sun reckoned from conjunction, eastwards, right round to 
360° * The maximum value of the solar tangential force. 


* These expressions show that the Variation forces are, qiiam prox 
inversely proportional to the ouhe of the sun’s distance It might seem, at 
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whicli occurs at the octants, is l/ 120 th. of the earth’s mean 
attraction on the moon, that of the radial force outwaids at 
IS l/90th of the same, its inwardly directed maximum, 
at quadratures, is half this, or l/180th These forces are, then, 
very small relatively to the earth’s attraction on the moon, 
which ciiciimstance is of much importance in the mathematical 
discussion of the Yanation Let us note that the tangential 
forces vanish when sin 2 e= 0 , that is at syzygios and quadratures, 
and the radial ones when cos 26 = — 3 , that is at the four points 
distant by 54P 44' from syzygios 

The inequalities in the moon’s motion, due to those dif- 
ferential forces, are important, for two reasons In the hist 
place, they present some inteiesting and instructive problems, 
both dynamical and kinematical , and, in the second place, it is 
of great moment to know approximately enough their magnitude 
for the construction of tables of the moon, by which to bo able 
to predict the moon’s true longitude, or angular distance on the 
ecliptic from the first point of Aries 

When the latter object is in view, the equation of the moon’s 
angular Variation, or difference between her tiue and mean 
longitude, caused by the said forces, is usually given thus — 

M’s tr long = her mn do + C sin 2 (M’s mn long — S’s do ), ( 1 ) 

M being the moon, B the sun, and C the coefficient of the 
Variation in longitude (See ISTotl A ) 

But our present main ohiect is to consider the matter simply 
on its own account , and as the disturbing forces are connected 
with the moon’s elongation, or angular distance from the sun, 
it will he simpler and more inteiesting to consider their effects 
on this, rather than on her longitude, to which we aio now 

first sight, that they are directly proportional to the cube of R, the moon’s 
distance Rut they are proportional only to the first power thereof The 
W comes in*on account of the earth’s mean attraction, on the moon being 
taken here, for convenience, as unity 
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iiicliifcront Moreover, we are now concerned with, tlie Variation 
only in tlio abstiact, or in its purity, as we may express it 
Wc shall therefore take the moon’s undisturbed oibit and the 
sun’s iclatuo, or appaieiit, annual orbit round the earth as both 
circulai, and in the same plane, and the angular velocities of 
both lummaiiOb in those orbits as constant, so tliai the sun's 
tme, and mean, lonqitude will he the same Subtracting, then, 
the sun’s tiue longitude from the left side of the above equation, 
and his (now) equal mean longitude from the other side, and 
adopting what seems the best value of the coefdcient C, we have 
(flora Hanson) the equation 


e = -h 35' 45'' sm 20 , . (2) 


in which € is the moon’s true elongation from the sun, and 0 her 
mean elongation, for the same instant of time, both reckoned 
eastwards from the sun up to 360° Thus, then, the moon’s pure 
abstract Vanation in elongation, or her departure from 0, is 


4-35' 45" sin 20 

Now lot 9 be the moon’s actual radius-vector, or distance from 
the earth, and 11 her mean distance, and we shall have (from 
Hanson) 

^)=It(l-yh^cos20). . • . (3) 


The Variation in the moon’s distance from the earth is, then, 
— cos 20 


Prom those equations (2) and (3) in combination may be 
easily derived a simple geometrical construction for obtaining 
ibo moon’s position in space for any assumed ^ or mean 
elongation First lot us uote tliat tlie coefficient 35 45 in 
equation (2) is, in circular measure, 1/96 Whence the moon s 
linear departure, forwards or backwards, from the hue of her 
moan radius-vcctor R is d-j/fR sio %>> departoe rom 

her mean distance being, as we have seen, from equation (3) 
— cos 20. 
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Ih Fig 27, E IS tlie place of the earth, ES the direction of the 
snn The construction, is as follows — Draw Ea to represent, 
in magnitude and position, the moon’s moan radius-vector, at a 
given time, whose length is 238,820 miles , SEa is 0 , and a is 

Eig 27 



the moon’s mean place Draw ah making the angle 2(p with Ea 
(or 0 with ES), to represent the length or 2093 

miles, then draw hU making the angle 4 ^ with ah (or 30 with 
ES), to represent the length or 337 miles, then M 

IS the moon’s true place for assumed 0 (See I^ote B ) With 
the exception of the line Ea, which is necessarily vastly too 
short, this Eig and Eigs 30 and 31 are drawn to scale , the scale 
being the same in all. 

Thus we see that the moon’s pure Yariation orbit*, according 
to equations (2) and (3), is a compound epicyclic curve as 
referred to ES regarded as fixed Ea is the radius of the 
deferent circle turning progressively with the moon’s mean 
angular velocity , ah is the radius of the first epicycle turning 
retrogressively with the same angular velocity, 5 M is the 
radius of the second epicycle turning progressively with thrice 
the said angular velocity 

* By ‘Variation orbit” we mean the moon’s orbit as deformed by the 
Var disturbing forces alone, the undistuxbed orbit being supposed 
circular ^ 
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Tho curve described by tlie moon, about tier mean position is, 
of course, a simple opicyclic, relatively to ES regarded as fixed, 
whoso deferent is the first epicycle above mentioned. It is a 
four-lobcd curve, like that in Fig. 28. Its greatest diameters 


Fig. 28. 



being and tho least 

carried round on tlie end of Ea, or E, always keeps the same 
sliortest diameter parallel to ES, and so preserves the same 
aspect towards the sun. The moon describes this curve about 
her mean place once in a synodical month and retrogressively. 
When in conjunction she is at p in the curve ; when in first 
octant she is at q; when in first quadrature at r, &o.* 

The movement of the moon in her Yariation orbit can be 
represented in another manner, which is of considerable interest- 
It follows directly from the same equations (2) and (3). (See 
Note C.) 

It is often said simply that the moon’s Yariation in elon- 

* Of course relatively to fixed space this curve itself rotates once in, a 
year progressively ; but we are not now concerned with that. 
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gatioH from the sun is proportional to the sine of twice her 
elongation, that is to sin2€ The discrepancy involved is 
evidently very small It can be seen without difficulty that if 
in equation (2) we substitute sin 2e for sin 2ij6, it will make a 
difference in the angular Variation ot only — 45" sin 

This vanishes at syzygies, quadratures, and octants It is at its 
maximum value, alternately ncgati\e and positive, at the eight 
points halfway between those just mentioned, but this maxi- 
mum does not amount to 23" We may, then, take the liberty 
of writing equation (2) in the following form, which is moio 
convenient, while always fully accurate enough for our present 
purpose, and quite accurate at the eight points just mentioned , 

VIZ 

€=^4-35' 45" sin 2€ . (4) 

According to this the moon is at her undisturbed place in 
elongation at s;;yzygies and at quadratures, most befoio that 
place when 45^ past sjzygies, and most behind it when 45° past 
quadratures 

If we substitute, in equation (3), cos2e for cos 2(f), similail} 
to what we have done with equation (2), this wull involve a 
discrepancy proportional to — sin^20, which varies from zero, at 
syzygies and quadratures, to its maximum, always negative, at 
octants , but this maximum is only 1/48 th part of the gicatest 
value of bhe Variation in the moon’s radius-vector When 
written thus — 

r=E(l--iiFCOs2e)=E(l-(7cos2e), . , (5) 

it becomes a polar equation of the moon's Variation orbit , which 
IS quite sufficiently accurate for our present purpose The pole, 
of eouise, is at the earth, and the curve is referred to the line 
ES as its prime axis, or prime vector, as this revolves once in a 
year the Variation oval does so likewise, along with it 

According to this equation the moon’s orhit, if subject to no 
other inequalities than those of the Variation, would bo an oval 
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With, its shortest axis m the line of syzygies, or directed towards 
the sun, and its longest axis in the line of quadratures , these 
axes being to each other as l—yj-^ to l + j^, or as 67 to 68 
The proportion given by ISfowton was very close to this, viz , 
69 to 70 

Owing to the smallness of the coefficient equation (5) 
differs practically hut little from that of an ellipse It gives a 
curve which is slightly flatter at syzygies and quadratures 
(where it coincides with (3)) than an ellipse with the same 
principal axes The radii of curvature at those points can he 
easily obtained by the geometrical method, they are, for 

("p _ (7)2 (p_i. (7)2 

SJ ^5■gles, E g , and for quadratnres, E > 0 being 

the coefiScicnt (See Note B ) 

The moon’s \elocity is greatest at syzygies, least at quad- 
ratures, and at its mean at octants But we shall return to 
this. 

Thoie are some very interesting particulars, both kinematical 
and kinetical, connected with the Variation, which, being 
contrary to what many persons would expect beforehand, 
present to them, at first sight, the appearance of paradox 

One of these is that, as we have just seen, the Variation orbit 
should have its shortest axis directed towards the sun The 
dynamical reason for this is given geometrically in Newton’s 
Pnnu;pia, Book III , but of course the analytical treatment 
of the question is more powerful and complete It is most 
reapectfally submitted that the ordinary short popular ‘‘proof” 
of this is quite inadequate, for more than one reason May 
wo venture, while deprecating the imputation of rashness to 
propose another proof, as we hope it to be In excuse for its 
length we beg to plead that no proof can be sufficient unless it 
takes into account all the principal elements of the problem , 
that IS to say, not only the tangential, but the radial, 
disturbing forces, as well, and also the condition under which 
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they act, viz , the law of the earth’s gravitation attraction on 
the moon 

Elemental y Proof of the character of the Yar%at%on inequahties 
m Elongation and Badiub-Yector — It is probably impossible to 
give an entirely a jgriori proof of this which shall be both simple 
and quite complete Some of the following sketch-argument 
depends for its ready applicability on the fact of the smallness of 
the perturbing forces and of the perturbations with which we 
are now engaged We know, d priori (see p lOG), that, relatively 
to the earth’s attraction on the moon, the Yariation perturbing 
forces are very small , and we know from observation that the 
resulting perturbations are so likewise We can, then, consider 
the actions of the tangential and of the radial forces sepa- 
rately, and can combine, by simple superposition, their several 
effects , these being comparable to different sets of “ small 
oscillations ” Supposing still, for simplicity, the moon’s undis- 
turbed orbit and the sun’s relative orbit round the earth to bo 
both circular, since we know, dprwri, that the scheme of the 
Yariation disturbing forces is symmetrical on each side of the 
line of s}Z5’’gies also on each side of that of quadratures, 
and, by experience, that the deformed orbit is stable, we are 
justified in concluding that that orbit must be itself symmetrical 
on both sides of each of those lines, as principal axes 

In Pig 29 the circle represents the moon’s undisturbed orbit 
supposed circular , the sun being over A, and the moon revolving 
in the direction ABCD 

We shall neglect, for the present, the sun^s relative annual 
revolution round the earth , the result of which, as we shall see, 
is merely to increase the effects now to bo considered. 

We shall take first the solar tangential disturbing forces 
considered by themselves, and as acting on an originally circular 
orbit of the moon round the earth We shall first suppose the 
sun’s disturbing power to begin to exist when the moon is 
passing D We are, however, in a little difficulty here The 
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Sim never began to act at any particular point on a previously 
nnilist/urbecl lunar orbit. If wo begin at D with force as we 
sball call it, we must compound its effect with that of its succes- 
sor, which wo have marked h ; but wo have no more right to do 
this than to compound its effect with that of its predecessor d. 

Fig. 20. 




In order to approximate to the right thing, wo must take 
different starting-points in succession, and then combine the 
results. It will he simplest to take the four points of syzygy 
and of quadrature, in succession, as starting-points. We shall 
liagin then at I), with tangential force a. It is, of course, the 
impnke of rt, or the integral of its product with its time of acting, 
with which we have to do. Now the force a is a maximum at 
the octant, which is the middle of its reach, or range, DA, and 
its magnitude, which is, as wo know, very small even at the 
maximum, is always, as wo see from its formula, p. 105, equal at 
ec|ual distances on each side of its maximum, and zero at both 
ends of its roach DA ; so that the force is exceedingly small for 
some length towards each end of its reach. It will, therefore, 
involve a very small inaccuracy, as relates to our present subject, 
if we regard the whole impulse as condensed into a very short- 
lived impulBo of the same magnitude, like an impact, acting 
tangentially at the octant. We can treat similarly the opposing 

I 
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tangential impulse h Now, m conbcqiicnco of tlio law of tlio 
earth^s attraction, whicli would make the moon move m a fo( al 
eUipse round the earth, the impulse a, hy itself, wmnltl piotliKO 
an elliptical lunar orbit with an apogco 180“ distant, at the 
octant under the letter c But the opposing tangential imprlso 
6, which IS equal to a, would, if it acted b} itselt on the still 
undistuihed moon, cause her to describe an ellipse with its 
apogee very near to the octant under the letter h TIioho two 
ellipses would have aiery small propoitioiial difTeunico as to 
magnitude, although the former would bo entn el} outside, and 
the latter entirely inside, the original circular oibit. Tboc^ecen- 
tiieities of the two ellipses would be veiynoarl} the same Kenv 
these two apogees under h and e, only apait, would eoinbuio 
or coalesce, as is evident, into an apogee very ne<ul} hallway 
between, close to the quadratnie B It is easil} been that this 
apogee would be above the circle in the hgmo, as the fonner 
ellipse would cross the line ot EB at a height above the ciitlo 
due, %nter aha^ to the distance of throe octants fiom the apse 
under the letter (X, while the other ellipse would cross EH btlew 
at a depth due to the distance of only ono octant fiom its apse under 
h The composition of tho greatei rise wuth the smallci tall 
would give a crossing of the line of EB above tho ciiclo Thus 
the impulses a and h acting together, apart from the otluTs, 
would produce an apogee \eiy near B above the ciulo Nowhd 
us start cit A with impulse h We shall find, m a conesponding 
manner, that mpiilses h and c, acting together apaib fiom an} 
others, would produce a peiigco very clobo to C, and btdow" the 
circle, and that c and cZ, similarly, would produce an apt^gee 
near D above the circle, and d and a together a perigee neai A 
below the circle But we must not use each tangential impulse 
twice over , therefore, to avoid this, wo must take only halt of eadi 
in our successive stages round tho lunar orbit Thus the tan- 
gential disturbing forces alone would deform tho moon’s ongnmlly 
circular orbit into an oval with its longest axis m quadiatuicm 

^ We see here that though the tendency oi the immechato local actum of 
the tangential force in the quadrant DA would be to make the moon i wo 
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This deformation of the orbit by the tangential disturbing 
forces gives rise, of course, to tangential components of the 
earbh^s attraction on the moon, or, as we shall call them, terres- 
trial tangential forces, whose positions and directions are, in the . 
case of the Yariation, the same as the solar ones. These, there- 
fore, are auxiliary and increase the inequalities of the moon’s 
rate of revolution round the earth. Thus the solar tangential 
forces are the means of causing considerably greater inequalities 
in the moon’s velocity, both linear and angular, than they could, 
produce by their immediate local action. 

Therefore, if the tangential disturbing forces were to act by 
• themselves, apart from the radial ones, the moon’s linear velocity 
would be greatest at syzygies and least at quadratures ; and this 
would be so, ^ fortiori^ as regards her angular velocity. But we 
cannot assume, at once, that these things must be actually so ; 
for these forces do not act by themselves. If it should so happen 
that the radial forces by themselves would produce a sufficiently 
greater elongation of the orbit in syzygies, the terrestrial tan- 
gential forces created thereby, which would then be oppositely 
directed to the solar ones, might be the greater of the two ; so 
that the moon’s velocity might be least at syzygies, and greatest 
at quadratures. 

We therefore turn now to the radial disturbing forces ; first 
taking by themselves the outwardly directed ones, whose action 
extends for 54*^ 44' on each side of both syzygies. It will be 
seen, on a very little consideration, that these by themselves 
would produce a lengthening of the radius-vector at some angular 
distance after syzygy; hecause their effect in increasing the 
moon’s distance from the earth must evidently continue for some 
time after they have ceased to act with their greatest efficiency, 
which happens at syzygy. We shall see in jJIote E that in 


from the earth, yet in consequence of the whole general action even of the 
tangential disturbing forces, alone, the moon is really falling earthward all 
through that quadrant. This illustrates a principle to which we shall 
refer again. 

i2 
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consequence of tlie law of tlie earth’s attraction, the greatest 
lengthening, or apogee, will he exceedingly near to quadrature 
Similaily, of course, with the (outward) radial forces about 
opposition 

l^ow the inwardly directed radial forces, extending for 35° 10' 
on each side of both quadratures, would, by themselves, tend to 
produce perigees very near to both syzygies But the latter 
forces, or, we should say, the tmjpuhes of which they are a factor, 
are roughly of only one third the value of the outw ard impulses , 
since the average magnitude of th.e forces is only about one half, 
and their time of acting only about two thirds, those of the 
former (see ITote P) , and therefore the result of their action is 
much smaller than that of the outwardly directed forces , but it 
is auxiliary as regards the general effect now in question This 
effect, as with that of the tangential forces, although dependent 
for its existence on the law of the earth’s attraction, is controlled 
thereby, so that it cannot exceed a certain magnitude Thus the 
radial disturbing forces, by themselves, would produce a deforma- 
tion ot the moon’s orbit similar in general character to that due 
to the tangential ones, and therefore would by themselves give 
rise to tangential components of the eaith’s attraction on the 
moon, resulting in inequalities in the moon’s velocity, both linear 
and angular, similar to those produced b} the tangential forces 
(but much smaller) 

We now know that we actually have maximum linear 
velocities of the moon at the ends of the (shorter) S}z\gy axis, 
and minimum velocities at the ends of the (longer) quadiature 
axis , and that this is true dforUori of the angular velocities 

* We see that we mast not institute too close a comparison between the 
formation of the oyal of the dynamical tides and that of the Variation orbit 
Though the system of the lunar differential forces producing the tides and 
that of the solar ones producing the Variation are precisely similar, yet 
they are acting under very different conditions Though the Variation oval 
IS necessarily placed with its side towards the disturbing celestial body, tJie 
tidal one is so placed only under the special circumstance tliat the water is 
of less than a certain depth 
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There are, therefore, two reasons for expecting that the 
Variation orbit must be flatter at s^/ygies, and more curved at 
quadratures, than elsewhere. But probably this cannot be 
proved by any simple consideiations such as those to which we 
are now conflning ourselves ; and as there are various particulars 
connected with the Vaiiation which turn out to bo contrary to 
what a largo proportion of reasonable persons would anticipate, 
this might be one of them , and it is, relatively to what we know 
so far, quite possible that this natural expectation might prove 
erroneous Bince the moon is nearest to the earth at sy/.ygies, it 
might very well happen that the consequent increase of the 
earth's attraction there might bo greater than the sun's outward 
disturbing force at those points (we shall see indeed further on 
that this 18 actually so), and therefore the possibly greater earth- 
ward force at sy/ygies might overcome the effect of the moon's 
greater velocity at those points, as regards the curvature of the 
orbit there, and conespondingly at quadratures This much, 
houover, is quite clear, viz , that the Var. orbit is less curved at 
syzygios than the equidistant circle there, and more curved at 
quadratures than the greater equidistant circle there But this 
will not prove the matter m question , because, for all we could 
yet say to the contrary, the orbit might bo four-lobed. 

We have already alluded to the fact that the relative annual 
revolution of the sun round the earth increases the lunar 
inequalities now m question , this it does by giving to the 
8 } stem of alternating disturbing forces a longer period, visi , half 
a synodical montb, than what they would have without it, viz , 
half a sidereal month 

The disturbing forces, then, have the effects now mentioned in 
consequence of the conditjon that the earth's attraction on the 
moon 18 inverse!) proportional to the square of the distance , so 
that that attiaotion is always endeavouring to make the dis- 
turbed lunar orbit an ellipse with the earth in one focus But 
this same condition, which determines the character of those 
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effects, determiTies also the limit of their magnitude under the 
action of those disturbing forces The earth’s atti action because 
of the law of its action, keeps down the height of the apogee at 
each quadrature by endeavouring to make there a perigee 
answering to the apogee of the preceding quadrature The 
incompatibility between the central oval, duo to the disturbing 
foices, and the focal ellipse, that the earth s atti action is always 
trying to produce in the moon’s disturbed orbit, affords the earth 
an opportunity and power of relnctation against the deformation, 
which would be greater than it is if the deformation wore so 
The sensibly constant distnrbing forces are able to produce, ])y 
accumulation, only that amount of deformation at which fuither 
increase would become intolerable, and at which the earth 
acquires sufficient power of relnctation and control to balance 
the action of those forces 

The opposition, in this respect, between the solar and the 
terrestrial forces is due to the fact that the scheme of disturbing 
forces and the consequent Yar orbit are symmetrical on each 
side of two rectangular axes passing through the earth , while 
the elliptical lunar orbit, which the earth’s attraction is alwai s 
endeavouring to produce, would have only one axis of symmetry 
passing through the earth There is, in this respect, an 
important and interesting difference between the Yariation and 
the Parallactic Inequality, to which we shall return in the next 
chapter (See ISTote G ) 

”We come now to another apparent paradox, already alluded 
to, connected with the Yariation, which it is particularly 
necessary to notice as it is so generally overlooked, sometimes 
with inconvenient results It is this, that the effect of the 
terrestrial tangential forces in producing the moon’s Yariation 
in longitude is considerably greater than the direct effect of the 
solar ones. This can he seen as follows — - 

We know already that, the earth’s mean attraction on the 
moon being taken as unity, the solar tangential force is sm 2c >, 
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"but, accepting equation (4) as the polar equation of the Var. 
orbit, which it is, cia^am it is not difficult to find that the 
terrestrial tangential force is sin 2e (I+ 7 V 
'prow, (See N'ote H.) Therefore the two forces, practically 
speaking, vary very nearly according to the same law, viz., as 
sin 2e; and the terrestrial tangential force is to the solar, at any 
given point of the Variation orbit, in a ratio never less than 120 
to 68 ; or say 7 to 4, very nearly. But the shares of the moon’s 
whole displacement in elongation produced by these two forces 
at any given point are very approximately proportional to the 
respective magnitudes of the forces Those shares are, therefore, 
to each other very nearly in the said proportion of 7 to 4. 

Thus we see that the solar disturbing forces produce the 
inequalities in the moon’s velocity in various places much more 
by means of their deformation of the lunar orbit than by their 
direct immediate influence on the moon’s velocity near those 
places. . 

If the general action of the solar disturbing forces had, by 
accumulation of effects, changed the assumed originally circular 
orbit into its present shape, but with the longest axis directed to 
the sun, as it might have done, for all that we could tell before- 
hand to the contrary, and as most people would expect it to do, 
the solar tangential forces, while still very nearly indeed of their 
present magnitude, would retain, of course, their present 
directions ; but the terrestrial tangential forces, while still 
almost precisely of their present magnitude, would be reversed 
in direction. The terrestrial would actually overpower the 
solar tangential forces, as regards their immediate effect on the 
moon’s velocity ; and the result would be that notwithstanding 
the acceleration due to the solar tangential forces, the moon 
would go gradually slower in the quadrant BA, and, for a 

* This is so ; but only because the two forces vary so very nearly 
according to the same law, and because the changes of velocity due to each 
of the forces are so exceedingly small relatively to the mean velocity of the 
moon in her orbit round the earth. 
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corresponding reason, gradually faster in the quadrant AB, and 
so on 

It must not be thought an absurditj to contemplate before- 
hand the possibility of such an action ever taking place , for we 
shall find an instance of it farther on in the Parallactic In- 
equality orbit 

Therefore we cannot lay down that the moon must be 
necessarily quickening or slackening her pace, according as the 
solar tangential forces are acting with or against her motion, 
until we first know enough respecting the deformation of the 
Yariation orbit and the position of its greatest and least axes. 

If the attention be fixed too strongly on the immediate, direct 
action of the tangential and the radial disturbing forces, it leads 
naturally to the over-statement frequently met with, viz , that 
the Yar in longitude is almost entirely due to the tangential 
disturbing forces This would undoubtedly be so if tho Yar 
depended principally on tbe direct action of the two disturbing 
forces , but we have seen that such is by no means tho case 
The Yar in longitude is, as above stated, due principally to tho 
deformation of the moon’s orbit, in the production ot which 
deformation the radial distuibing forces have a share rather 
greater than that of the tangential forces* The tangential 
disturbing forces are, indeed, more important than the radial 
ones in cansing the Yar in longitude , but tho share of that 
inequality to be assigned to them is not as much as double that 
of the radial forces (see Godfray’s Luncu Theory^ p 88)* 

To return to a matter alluded to above — Ic might be supposed 
that smee the radial disturbing force, which is directed away 
from the earth at syzygies, is at its maximum at those points, 
therefore the whole earthward pull on the moon is least at those 
points, and, for a corresponding reason, greatest at quadratuies 
Aity, in GmvttaUon, p 66, shows that he was aware of tho 
erroneoiisness of this , but, interestingly enough, we find that 
when giving his admirable lectures on astronomy at Ipswich 
(entitled Poj^ular Astronomy), he had forgotten his own know- 
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ledge of its incorrectness. We can easily see for ourselves liovr 
the matter stands. The earth’s mean attraction on the moon 
being taken as unity, the solar radial force at syzygies is, as we 
have seen, 1/90, which is to be deducted from the earth’s 
attraction at syzygy ; but, on the other hand, since the moon’s 
distance from the earth at syzygy is less than the mean by 
l/136th, the earth’s attraction on the moon, which varies 
inversely as the square of the distance, is at those points greater 
than the mean by 2/136ths, or l/68th. Therefore the whole 
earthward pull on the moon at syzygies is l~-gV+'gV> 
is greater than unity, the mean, and (as we can easily see) a 
maximum. Similarly the whole earthward pull on the moon 
at quadratures is l+y^-Q — -gig-, which is less than unity, the 
mean, and (as can be easily seen) a minimum. 

The Var. forces being proportional to the inverse cube of the 
sun’s distance, it might seem reasonable to believe that the 
moon’s Yar. in elongation must be proportional to the same. 
But in reality this lunar inequality is a very complex function 
of that distance, which would vary, not indeed very differently 
from the inverse cube thereof, but at a higher rate. 

We may here refer to what some might regard, at first sight, 
as a kinematical paradox ; though it does not belong specially to 
the Yariation. Since the moon is being retarded, both by the 
solar and the terrestrial tangential forces, while passing from A 
to B, it might be thought that she must be behind her mean 
place in that quadrant. But it must be remembered that while 
she enters on that quadrant at her mean place, she is then 
moving with her greatest velocity ; and as long as her velocity 
is above the mean, she is gaining on her mean place which she 
had at A ; though her velocity be in the act of diminishing down 
to the mean under both the opposing tangential forces. Similarly 
in the next quadrant, though she is being accelerated there by 
both the tangential forces, she is losing on her mean place ; 
because, while entering on that quadrant at her mean place, she 
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IS moving with her l^ast velocity , and she must continue to lose 
on her mean place until her velocity has been increased by the 
tangential forces up to the mean When at her mean place, as 
at syzygies and quadratures, she is moving with greatest or least 
velocity, respectively , because she has then been, for the longest 
time, undergoing acceleration or retardation, rcspccti\ol} When 
most befoie or behind her mean place, as at the octants, she is 
moving with mean velocity, because she has then ]ust ceased to 
gain or to lose, respectively, on hei mean place 

Taking these considerations in connection with the results of 
an inspection of equation (4), we see that wo can fill m, for 
ouiselves, all the writiug in Fig 26, the diagram of the Variation 

IVoTE A, from p 106 — It is evident that equation (1), bv itself, 
cannot give the accurate value of the effects of the Var forces 
whose magnitudes always depend on the moon’s true elongation 
from the san, or the difference between the moon’s and the sun’s 
true longitudes But it is intended only as a first step towauls 
obtaimng the moon’s Variation in longitude, which must bo 
supplemented by other much smaller equations of the moon’s 
motions connected with this inequality The angular distance 
described between the brackets in equation (1) has been given 
in several other ways, ^ ^ as the moon’s equated long 
the sun’s true long , as the moon’s mean long minus the sun’s 
true long , &c , Laplace’s form of it and Hansen’s differ, not 
only from these, but (very slightly) from each other All the 
differences are small and more or less completely made up for by 
subsidiary equations It is only very approximately correct to 
say, as is often said, speaking roughly, that the Yariatioa 
vanishes at sy/ygies and quadratures, this would be tiue only 
if the angular distance within the brackets were the moon’s true, 
minus the sun’s true, longitude 

Kote B, from p 108 — This can be seen as follows (la 
Pig 30, the points marked a, h, M, are the same as those 
similarly marked in Fig 27 , and neglecting the line Ea, the 
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h( lb thf» Mimo in both Fip;s ) E« being the moon's mean 
rn(liUH-\edor, neeohsanlv (iiawn %’astly too shoit relatively to the 
otlun luu^h, draw mahing the angle 2^ ^vith Ba, and of length 
h) re|nehent then diaw ed ]miallel to Ea and sensibly 

|aantnig lnul\.’v\ai{lH to tlic eaith, diaw ad at right angles 
to F/i luid (d, then 2^ Take e so that ae may 



leptesent j \ draw fM parallel to ad, then E cos 2(p, 

and M m tlie moon's itiie place Now ec= Bisoet 

it m d, and draw dM, Then fm and hM, aie both 
ami ah ih KoV+iiir)^^ 

il6< aa2r/(^e=a2Em‘=4f/^ , whoneo the statement in text follows 

NoTr,(?, from p 109— Tho other manner is as follows (In 
Fig* 31 the points marked of, <?,]Vf are tho same as those similarly 
niaiked in Fig, 30, the scale being still the same) E is the 
plae(' et tho earth, and EH points to tho sun Lei Ea be R, the 
incsm’s nu'an rudius-veoior rotating uniformly with the moon's 
nu'im angular motion m elongation, a is then tho moon's mean 
position in space. With centre a and radius describe a 

cniclc, as shown in tho diagram Draw the radius ae^ making 
tlie angle ¥ia$ equal to 2^ , from e draw «/ perpendicular to Ea , 
then j$ is |•|•^liHln2<j&. Now produce fe and let/M be to fe m 
the proportion of tho two Var. coefficients, ^ and (very 
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nearly as 7 to 5) , then M is the position of the moon, for her 
i«4Humed mean elongation and «/is j^^Rcos2^, or (since E/ 
hfferi only insensibly from EM) the change in length of the 
noon's radins-Toctor, for assumed ^ The point M describes 
round n, as centre, an ellipse which is as though it wore rigidly 
attached to the line and theiofore rotates about its centie 
once in a numih progressively, lolativel} to ES regarded as fixed, 
ir in the same duection as that of the moon’s revolution round 
the eaith ; its semi-axes majox and minor ag and ah being 
and j J^|li, respectively, and to each other in the proportion of 
the two Vai. coefiieients. As ae rotates round a, relatively to ah, 
with twice the moon’s mean angular velocity m elongation, M 
deserihcB th(% whole ellipse m half a synodical month , its motion 
theimn heing rtdrograde, or in the direction contrary to that of 
the moon’s revolution round the earth At the times of both 
aj z} gies the moon is at h m the ellipse, and nearest the earth , 
and at tlie times of both quadratures she is at and farthest 
from the earth ; and when in octants aho is at g, or at h, and at 
her mean distance This is ver^ approximately so , bnt only 
heeause the Hcnm-axia-major of tho ollipso is so small relatively 
to the moon’s mean distance from tho earth The ellipse has 
neci*B«arily bcxui drawn in the diagram vastly too large in 
proportion to Ea, the moon’s mean distance 

It will he observed that the components of M’s motion parallel 
to Jii, and to gl, aro simple harmonic motions, and that the 
moon desiuibes the ellipse, relatively to its (rotating) principal 
axes, as she would a stationary ellipse under the action of a 
oentral foroo varying directly as the distance, she therefore 
descuhes the rotating ellipse with a constant areal velocity 

The very approximate correctness of this is due to the fact 
that tho dimensions of the ellipse are so small relatively to the 
moon’s miian radius-vector Ea. 

To obtain a graphical representation of the solar disturbing 
forces, lei us return to the expression for the radial force, 

Yiz, i^^'^^,(oos2e+|), and to that for tie tangential force, 

’ 2E 1) 
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3BE^ 




sin2e , the earth’s attraction on the moon hoing unity 

Let ns substitute in these (p for e, which will involve an exceedingly 
small inaccuracy Then, to use Eig 31 for a different purpose, 
if we take the radius of the circle therein to represent the 
common coefficient in these expressions, and if am be one thii d 
of said radius, fm will represent, on the same scale, the radial 
disturbing force for assumed 0, and ef the tangential disturbing 
foice, and em will represent, quam p)Oii , both in magnitude, 
idirection, and sense (but of course not in position), the wliolo^ 
disturbing force acting on M Its magnitude is said radius ot 
the circle x J VlO + Ocos^, and its me Imation to Ec is 
sm2(/) 

35^2^- 

Note D, from p 111 —This can bo seen as follows from 
equation (5) E and G being as in text, let p be the ladiiis of 
curvature at the points in question, and & an indefinitely small 
elongation ot the moon, for which equations (o) and (3) coincide 
Now p=are72 (tall from tangent) But, for S}zygie8, 

aro"=EXl-(7)^sin^6, 

and 

2 faU =2 i -B(l - G cos 2c) | 


'I 


cos^ 


=— 1 1 - (7- {1- C(.2 cos^ c- l)}cos « I 

cos J 

By the addition and subtraction ot C cos e within the largo 
parentheses this becomes 

I (1 — (7)(1 — cos e) — 2 C(1 — cos*^ e) cos e \ 

COo J 

Ecose f (1— 0)71 — COS^6!) ] 


Ecose f 


C') (1 — cos ej — 2 i — cos^ &) cos e J 

Dividing above and below by 1— cos e, and fhen making ^=0, 
we obtain the result m text 
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In an ellipse wlioso semi-aTO in<gor and minor are a and 
rospectivel} , the ladms of cuivaturo at tlio apsos is and that 
ai the emlH of the aAis-mmor Theroforo if the Yar orbit 
were an ellipso with the same piineipal a\es, p would bo at 
hj/jpru'H Re + <"r (luadiatuiesll^Y*!^’ Taking E as 

unit}, and U as 0 OOTdH, \vo find the following values for p — 

At sy/ At qimdr 
In Yai orbit 1 ()2Jh), 0 9787 
In ellipse 1 0224, 0 0781 

wliieh \erities the antuipation in to\t that the Yar orbit is very 
slight 1} flatter than an ellipse, with the same principal axes, 
both at s}/Agie8 and at quadiatuies 

Notk E, from p 115 — This will bo sufficient!} soon from the 
folhiwing It iH a well-known piinciplo (confining our attention 
now to the ellipse) that if a bod} bo projected fioin a given 
point in piesone{‘ ot a given contre ot aitiactive foico having the 
law^ of giavitation, with a given velocity not too gioat for the 
(h'senptitrn oi an ellipse about that contie, the ellipse described 
b} tlu^ body wnll have the same axis-major, whatever be the 
<lir(‘etion of discharge 

Now let the Irod} bo at first describing a circular oibit aM^ 
Fig, Ii2, with ladiUH / about the contre of force e, m the direction 
of tlur arrow At the point a the direction of the body’s motion 
iH ehangi'd outwaiids, say by the angle 0, and it proceeds 
to desenbo an ellipse (jae, of whidi a focus is at o, and 
whowr Hoiiu-axiH-inajor is equal to r, the radius of the circle 
Since m, drawn from the foeus, is equal to the semi-axis-major 
of tho ellipse, a is at the end of tho axis-minor thereof Conse- 
quently a hue drawn thiough o parallel to tho new direction of 
motion at a gives the direction of the axis-major containing the 
apogee of which wo are in quest The goooentiic angular 
distance of tho ax>ogoe from a is 1)0®— 0, and /being tho centre 
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of the ellipse the height of the apogee above the circle is ofiual to 
cf^ or 7 sin 0 The same JFig can be used (by supposing the body 
to be describing the circle in the opposite direction) to show that 
li the change of the direction of the body’s motion at (i had boon 

Fig 32 


O' 



downwards, and of magnitude 0, the resulting peng(‘e at q 
would be 9O°+0 from a, and fall below the circle at that point, 
r bin 0 

Therefore, whether the deflection at a bo upwards or do\i n- 
wards, the new orbit will be an ellipse whose axis-major la 2/ , 
and axis minor 2r cos 0 , and if 0 be very small, the ajiaea are 
distant from a by 90° very nearly 

We need not pursue this any further, because the actinil 
conditions are slightly different from what we have just con- 
sidered The moon is not simply deflected outwards without 
change of velocity by the radial forces near syzygies , though the 
condition nearly approaches this, as the radial disturbing forces 
are so very small But the difference of conditions is cvKlenily 
in favour of an apogee both higher and nearer to quadrature 
than what tve have been contemplating The deflootion does 
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not indeed occur at a single point , bub ib may be regarded as 
the result of a large number of exceedingly small, outwardly 
directed, radial impulses, whose magnitudes are very nearly 
equal at equal distances on each side of syzygy The whole 
effect lb, therefore, different from that of a single impulse at 
sy/ygy equal to the sum of the others, but, as regards our 
present purpose, the difference is quite unimportant 


Kote F, from p IIG — We have seen, p 106, that the radial 
disturbing force vanishes at the four points of the moon^s orbit 
distant 54^ 44' from syz}gios, maiked 0000 in Fig 33 The 
arc BO is slightly loss than two thirds of AO , and, the changes 
of tho moon’s velocity being small, her times of describing OB 


Fig BS 
B 





and AO are still more nearly in the same ratio Again, w'e have 
seen above that tho inward radial force at B is half the 
outward radial force at A , and therefore, as it is easy to see, tho 
average inward force on each side of quadrature is somewhat 
less thau half that on each side of syzygy 

In oonseipcnco of the outwardly exceeding so much the 
inwardly directed radial impulses, the eaithward pnll on the 
moon IS, on the whole, diminished, and theiefore the mean 
distance of the moon from the earth is by them increased. 

K 
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1^'OTE G, from p 118 —It will be found from simple considera- 
tions similar to the above, mutatis mutcindis^ that if the gravita- 
tion attraction varied, not according to its actual law, but 
according to that other law of force so frequent in nature, viz , 
directly as the distance, the solar disturbing forces, if turned on 
to act on an originally circular lunar orbit, would make that 
orbit into what might be called an ellipse,” with the earth at 
its centre, whose axis-major, in the line of the second and fourth 
octants, would be continually increasing, whilst its axis-mnior 
would be continually decreasing (more rapidly), until the moon 
came into collision with the earth The instantaneous ollip‘^0 
would be always writhing , especially towards the conclusion of 
its history In this case there would be no baffling action 
between the solar and the terrestrial forces The solar tangeniuil 
forces would have the same positions, relatively to the sun, as 
they have now , though, of course, their directions would be 
reversed The earth’s attraction, owing to its now supposed 
law, would make the lunar orbit, when disturbed, a central 
ellipse, if free to do so , and, as is evident, the solar tangential 
disturbing forces would fall in with this and go on increasing 
the elli].ticity The radial disturbing forces, alwajs directed 
inwards, would be proportional to the moon’s radius-vector, like 
the earth’s attraction, and would therefore conspire therewith 
There would be, moreover, this seemingly cuiious result, that, 
supposing the sun’s distance to be always very largo m com- 
parison with that of the moon, the Yar forces would not sensibly 
alter with the sun’s distance , instead of being, as they actually 
are, inversely proportional to the cube of that distance. 

Kote H, from p 119 — This will be seen thus In Pig 34, E 
IS the earth’s place, r the moon’s radius-vector for the point a, in 
question, in the Yar orbit, of which the curve ae represents a 
portion, and de an indefinitely small alteration of €, the moon’s 
elongation Let 0 be the angle between the ladius-vector and 
the curve at a, or the tangent thereto. Then, E, the moon’s 
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moan radius-vector, being taken as unity, we have 

r=l — (7cos2e (p 110) and 
dr= -\~2C sm 2€d€ 

The earth’s attraction at the point in question is \ , the mean 
attraction being unity But ^ 

i = 1 + 2(7 cos 2e, guam pi ov 

This multiplied by cos 6 is the terrestrial tangential force 


Fig 34 



ISTow cos 0 = cot d, g pi , as 0 differs so very slightly from a 

right angle Draw cb perpendicular to Eoc Then cot 0= 
20Bm2ede o ^ ^ 

==( J acos 2e) de=^ ^ ^ 

Therefore the terrestrial tangential force is 

(1 -f 2 <7 cos 26)2 (7 sm 2€(1 4- 0 cos 2e) 

=:2(7sin2€(l + 3(7cos2€), g pr ^ 


s=-g^sin2€(l4--5^cos2€) Q. E D 
This is never less than sin 2e , while the solar tangential 
force 18 y^0-8in2c (p 105) Therefore the proportion of the 
terrestrial to the solar tangential force, at any point in the Inn ar 
Yariation orbit, is always at least as high as ] 20 to 68, or as 7 to 
4, very nearly. 
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CHAPTER VIII 

THE MOOJN^’S PARALLACTIC INEQUALITY 

We now turn to the moon’s Parallactic Inequality, whose scheme 
of solar disturbing forces and of changes of velocity, &c , ai o 
indicated in Fig 35 

In the Yarialioii scheme the disturbing forces, both tangential 
and radial, on the sunward side of the moon’s orbit and those on 
the opposite side are regarded as equal, which, however, they 
evidently are not , the former being slightly greater, and the 
latter slightly less, than the mean To remedy this we must 
now add to those on the sunward side the necessary differential 
forces having the same direction, and we must subtract fiom 
the Yar. forces, both radial and tangential, on the off side of the 
orbit, the same differential forces , or, in other words, join w itli 
them the said differential forces having the contraiy direction. 
These constitute the P I forces, with which we now ha\o to do. 
The inwardly directed radial disturbing forces at B and B, in 
the Yariation orbit, Fig 26, are not affected by the differonco 
between the sunward and the other side of the Yar orbit, and 
we have put no arrows at those places in Fig 35 The him 
being over A, the disturbing foiccs, with which wo now have to 
do, are represented hy the arrows drawn with broken lines The 
terrestrial tangential forces, to he mentioned presently, are 
omitted to avoid confusion They are directed oppositely to the 
solar ones , they are, however, at their maximum at both quad- 
ratures, while the solar ones vanish at those points All vanish 
at syzygies. 
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Tho P I forces, being second differences, or differences between 
what were tbemsclves only differential forces, arc exceedingly 
small It IS easy to find that, taking the earth’s mean attraction 


on the moon as unity, the solar PI tangential force =6, 




X (sin e— sin'’ e), and that the radial force = 6j^4(cos^€ — | cos e) , 


all tho letters hero ha\ mg the same meaning as they have m tho 
expressions for the Variation forces in p 105 (See Mm A ) The 


Pig 35 



greatest PI, forces are the radial ones at syzjgies, and these 
are only 1/23, 300th of the earth’s mean attraction on the moon. 
They are about l/259th of the Var radial forces at the same 
points , these being also at their maximum at those points. 

The P I perturbations, like the Yar ones, can be calculated 
and considered by themselves Since those two sots of disturb- 
ances are both very small, they can bo combined like two sets 
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of “smaU oscillations” by simple superposition We shall, 
therefore, as we did with the Yar, neglect now all other 
deformations of the moon’s orbit and ineqnahtics in her motion, 
and suppose the moon’s undisturbed orbit and the sun s rela ne 
annual orbit round the earth to be both circiilar, and the angular 
velocities therein uniform, and the PI forces to be the only 
disturbing forces acting on the moon The lunar orbit roun 
the earth resulting from this we shall eaU the P I orbit 

Let e be the moon’s actual elongation, as above, in the pure 
P I orbit, and (j> her mean elongation, or that in the undisturbed 
circular orbit, both reckoned eastwards up to 300° , tho sun’s 
angular motion of apparent revolution round the earth being sup- 
posed, as in Chapt YII , constant, for simplicity Then we have 


e=<A— 2' 5" sine 




The moon’s Parallactic Inequality in elongation is, then, 
-2' 5" sinf We have adopted the coefficient 2' 5" from the 
latest investigations of the American astronomers , Hansen gi\ os 

a smaller value for it, viz , 2 ' 1 '^ 

Observations might be made on this equation (1 ) corresponding 
to those in Note A of the preceding chapter on the Yanation , 
but they are probably unnecessary 

Let r be the moon’s actual, and E her mean, radius-vector, or 
distance from the earth Then we have 




( 2 ) 


II 


The Moon’s PJ in radius-vector is, then, + 35^0 


Prom these two equations, in combination, may be derived a 
simple geometrical construction foi obtaining the moon’s position 
in space, for any assumed or mean elongation First let us 
note that the coefficient 2' 6 ", in equation ( 1 ), is, in circular 
measure, Whence the moon’s linear departure, back- 

wards or forwards, from the line of her mean radius-vector is 
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— “ sm , her departure from her mean distance 

from the eaith being, as wo have seen, cos ^ 

In Fig 30, E tho place of the earth, and ES the direction of 
the sun. The conairQotion is as follows — Draw Erf to represent, 
in magnitude and position, tho moan radius-vector, at some 
given time, whoso length is 238,820 miles , SEa is 0, and a is 
tho moon’s mean position Draw ah sunward, making the angle 
f with tho production of ‘Etc (that is parallel to ES), and of 

magnitude to roiiresont l(i«v)”^Ki())^» miles, then 

diaw />M making tho angle 2(p with ah (and with ES), and of 
length to roiiresont miles, then M 

18 tho moon’s true place foi assumed (See ITotb B ) 


Fig 3C) 



Thus wo 800 that ihe moon’s V T orbit, considered as described 
about E, and relatively to ES regarded as stationarj-, is a 
peculiar opicycho curve, Er^ is tho radius of the deferent ciicle 
turning progressively with its constant angular velocity. It 
carrioB, as in Fig 30, the lino ah, which remains parallel to ES 
and itself, which also carries at its end tho radius 5M of the 
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epicycle, whicli radius rotates progressively with twice the 
angular velocit} of Ea 

If we take the step EF, from E sunwards, equal to ah, then 
the P I orbit will he, relatively to E, a simple epicyclic with the 
same deferent and epicycle having the same simple proportion of 
their angular velocities 

The movement of the moon m her P I orbit can be represented 
in another manner, which, of course, is the same at bottom, but 
has its own interest It tollows quite easil} from equations (1) 
and (2) (See ITote C ) 

It is often said simply that the moon’s P I in elongation from 
the sun is proportional to the sine of her elongation The differ- 
ence involved between this and equation (1) is exceedingly small 
and, as regards our present purpose, insensible Let us then 
take leave to write equation (1) thus 

€ = 0-2' 5" sine (3) 

According to this, the moon is at her mean place in elongation 
at both syzygies, most behind it at first quadrature, and most 
before it at last quadrature 

It in equation (2) we substitute cos e for cos 0, the inaccuracy 
is again insensible When, then, we write the equation thus — 

r=E(l-f cos€)=E(1 + c cose), (4) 

it becomes a convenient polar equation of the P I orbit refeirod 
to the (annually rotating) line of conjunction, as prime vector 
This equation is always, g'wam , correct, and at sy/ygios 
and at quadratures quite so 

According to this, the moon is at her mean distance from the 
earth at both quadratures, at her greatest distance at conjunction, 
and at her least at opposition These differ from the moan by 
only about 67 8 miles 

The P I orbit, as given by equation (4), differs very little 
indeed from a circle which has been first shifted bodily sunwards 
E 

by the distance or 67 8 miles, retaining quite unaltered 
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its s 5 ‘'Z 5 ’gy diameter, and then drawn out at right angles to that 
diameter until it becomes wider by lic^, or only 102 feet. (See 
Notts D.) The greatest width is very near, and on the sunward, 
side of, the line of quadratures. In the drawing out, the circle 
becomes flattened a little at both syzygies ; but very slightly 


more at opposition than at conjunction. 

It is easy to obtain geometrically the radius of curvature at 


conjunction, viz., 11 5 and that at opposition, viz., B y— 


c being the coefficient 3 ^. The former is less than the latter 


(though by only about 1*4 inch ) ; but both exceed B, the mean 
radius-vector and radius of curvature. (See Note E.) 


xis with the Yar. diagram, so now, we can All in all the 
writing in the P.I. diagram, Fig. 35, p. 133, when we know 
simply from equation ( 3 ) that the moon is most behind her- 
mean place at first quadrature and most before it at last quad- 
rature ; she being of course at her mean place at both syzygies. 
Among these conclusions let us note particularly that the moon’s 
velocity is least at conjunction, greatest at opposition, and at its 
moan at both quadratures. We must return to this nereaftor. 

The reader will perceive better the differences between the 
P.I. and the Yar. diagrams by comparing them for himself, than 
by reading our description of them. We may, however, draw 
his attention to the following point. If we start from C in both 
diagrams, we shall find that, as regards the writing only, the four 
reaches, or divisions (constituting one half) of the Yar. orbit 
from C to A, correspond, respectively, to the four reaches (con- 
stituting the whole) of the P.I. orbit. 


An elegant explanation of the production of the Parallactic 
Inequality by the disturbing forces now in question will be found 
in Airy’s Gravitation, p. 68 , which we shall not reproduce here. 
(See Note F.) 

The existence of this lunar inequality was pointed out by 
Newton. It is very interesting to find that he had determined 
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dynamically its amount with a wonderful closeness of appioxi- 
mation, thougli it had not been, m bis tune, detected by 
observation The value that he gave to the coefaoiont was 2' 20" , 
this IS too large , the reason being that he went on the supposi- 
tion that the sun’s parallax was 10", which we now know to bo 
greater than the true magnitude 

This "brings us to the connection between the sun’s parallax 
and this lunar inequality, which was named by Newton from 
its dependence on the ratio between the sun’s and the moon’s 
parallax Newton could only derive the magnitude of the F I 
longitude coefficient from the then supposed magnitude of the 
sun’s parallax But now that the said coefficient is obtainable 
by observation, it can be used for solving the inverse problem, 
VIZ , obtaining the parallax of the sun. Fifforent formula) have 
been given for the connection of the two quantities, winch 
formulae are, of course, very approximately the same at bottom 
They come to this, that under the actual conditions of magnitude 
of the quantities concerned the sun’s parallax is almost exactly 
one fourteenth of the P I. longitude ooeffici6nt 

But besides this, the interest of this lunar inequality is greatly 
increased by its having several apparent paradoxes connected 
with it Tins ciicnmstance has not attracted the attention it 
deserves , and the neglect of it has given rise to certain ert ono- 
ous statements Of the seeming paradoxes we shall mention 
hve, to be dealt with by eqns (3) and (4) and Note E 

1 Since the Yar forces produce the inequalities indicated m 
Pig 26, p 105, the reader might natuially expect that the 
increase of those forces in the sunward half of the moon’s orbit, 
by the addition of the similarly directed 1^ I forces, should 
increase the inequalities in the moon’s motion there , and, cor- 
respondingly, that the diminution of those forces on tho off side 
of the orbit, by applying to them the oppositely directed 1. 
forces, should dimmish the inequalities tlur& But these are 
both the reverse of the truth. 
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2 Since the Var orbit is compressed at A and C by the influ- 
ence of the Yar forces, the reader would naturally expect that 
the just mentioned increase of the forces on the sunward side of 
the orbit, by the addition of the P I forces, should increase the 
compression there , and, correspondingly, that the diminution of 
the forces on the off side of the orbit, by the subtraction of the 
P I forces, should dimim&h the compression there But these 
are both the reyerse of tho truth 

3 When the reader has teachably accepted, from equation (4), 
the position that the effect of the P I forces is to elongate the 
originally undisturbed orbit towards the sun and to compress it 
on the opposite side, he will loyally endeavour to carr^ out his 
newly acquired knowledge, and wiU conclude that the orbit is 
more flattened on the off side from the sun, and less flattened on 
the side next the sun, than elsewhere. But as respects the 
sunward side this is the reverse of the truth (See again 
Note E ) 

4 The reader will most naturally, and even commendably, 
think that the moon would be gaining, or losing, velocity, in the 
P I orbit, according as the P I tangential disturbing forces are 
directed with, or against, her motion, respectively , and there- 
fore that her velocity is greatest at conjunction He will be 
confirmed in this expectation by seeing that such happens to be 
the case in the Yar orbit , see Eig 26 He will think also that 
the moon’s velocity must be least at opposition, since she has 
been opposed by the solar tangential force all the time of her 
passing from conjunction to opposition But all this is the 
reverse of the truth The moon always quickens or slackens 
her pace in apparent defiance of the solar P I tangential forces. 
(See Note G- ) 

5 It would be reasonable enough to expect that since the 
PI foices are proportional to the inverse fourth power of the 
sun’s distance, the P I in longitude should also be proportional 
to the same, or at least pretty nearly so Such, however, is by 
no means the case. The P I. in longitude is inversely proper- 
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tional to a complicated function of tlie sun’s distance , which 
function IS much nearer to the cube than to the fourth power 
thereof So that if there were an alteiation of the sun’s mean 
distance, the PI and the Yar in longitude would change at 
not very different rates 

We shall mention further on what some might regard, at first 
sight, as another apparent paradox , but it is only kiuematical in 
character 

The reader, if he accepts our statements, will probably begin 
in despair to imagine that the name which has been given to 
this scheme of lunar inequalities is a mistake for Paradoxical 
Inequality ” 

The general explanation of the above apparent paradoxes is 
two-fold In the first place, as we have noted already, the 
solar disturbing forces, whether of the Yar. or the P I , produce 
their respective inequalities of the moon’s motion in elongation 
in two quite different ways, vi/ , by thoir direct local influence 
on the moon’s velocity m the various parts of hor oihit, and also 
by what we may call their indirect general mfiuonce in dofoiming 
the orbit, and thus creating tangential components of the earth’s 
attraction on the moon, which are actually greater than the solar 
tangential forces In the second place, unlike tlio case of tho 
Yariation (see p 118 , above), the P I system of solar disturbing 
forces has hut one axis of symmetry passing through the earth, 
that of the line of syz}gies This involves a most important 
difference as to tho dynamics of those two schemes of lunar 
inequalities, as considered in Nope E 

It so happens, as we have seen, that, in the case of the Yar 
orbit, the created terrestrial tangential forces always act along 
with the solar tangential forces , and thus, in the usual elemen- 
tary treatment of the Yariation, they are not prominently noticed, 
or are even disregarded altogether ; although they are, even in 
that orbit, mote important than are the solar ones themselves, 
as to their direct local action. 
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But in the case of the P I orbit, the relative importance of 
the t err Cbtnal tangential forces is much more striking, for two 
reanons. The small solar P I forces have, by accumulation of 
effects, deformed the orbit to such an extent (very small, 
liowt^vc^r, absolutely) that the terrestrial tangential forces created 
thereby are much gi eater, proportionally, than the solar tan- 
gential foices The former are always equal to the lattei 
mullipliod by 3 31 They are, therefore, never less than 

3 31 innea as gn'ai as the latter , and when the moon is not far 
from quadrat 111 os, very much moie, proportionally, than this 
(Ht^o INCITE It ) And as the greater terrestnal, act always against 
the BUialler solar, ones, the singular result follows that the 
ineupmlities in the moon’s velocity and in her elongation, now 
undcu consideration, are the opposite of what the solar tangential 
forces, with which wo are now engaged, are endeavouring to 
effect 1)^ ihcir diicct local action So that, paradoxical as it 
souikIh, it 18 strictly true that tho terrestrial tangential forces are 
the muiiedutte (‘ausc of tho moon’s P I in elongation, and that 
ihw lunar pcrtuibaiion would bo greater, but for the hindrance 
(if the direct local action of the solar tangential forces Thus 
the moon’s Parallactic Inequality presents a peculiarly interesting 
clynaimcal problem. 

Note A, from p 1 33 — Tho voiification of these expressions for 
th(‘ disturbing feicos, though of a simple character, is a little 
tnmldesomo It the reader should undertake it, let him beware 
not to stop at tho firat» approximation, which would give the 
nnmeiical factor 7 instead of 0 , which latter is sensibly accurate 

Tho value of tho ooeffioiont is ^ 0000858. 

Those expressions show that the PI forces are, quamprox, 
inversely proportional to the fourth power of the sun s distance 
from tho earth. It might seem just at first sight that they are 
also directly proportional to the fourth power of the moon’s 
distance from tho earth. But thoj are proportional only to the 
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second power thereof The E* comes in on account of the earth’s 
mean attraction on the moon being here taken as unity 

The trigonometrical factor in the expression for the tangential 
force can be written | sin 2e cos e , that for the radial force can 
be wiitten J cos 2e cos e This gives the interesting result that, 
at the elongation e, the tangential force divided by the radial 
force = tan 2e 

ISTote E, from p 135 —In Fig 37 tTie points marked a, 5, M, 
are the same as those similarly marked iti Fig 3G Ea being 
the moon’s mean radius-vector, necessarily drawn vastly too 


Fiff 37 



short relatively to the other lines, and ct the moon’s mean place, 
draw ae making the angle (j} with the production of Ea (and 
parallel with E8) to represent , then draw cd parallel to 
Ea, and sensibly pointing backwards to the earth , draw ad at 
right angles to Ea and cd , then ad is sin Take c so 
that may represent , draw parallel to ad , then cZM 
is ^E cos 0, and M is the moon’s true place. Now ec is 

aie both and ab is 353E+|E(j^-«g;g2o)» 



THE MOOir’s PAEAXLA.CTIC INEaXJALITY. 


143 


l^Kii 5 o"^a 4 o) Mhe=2M.cb, or 2^, 'whence the 

Btatomont in text follows 

Nojde C, from p. 13G — (See Fig 38 ) As before, E is the place 
of the earth, and EB the diiection of the sun, and the points 
marked a, <?, M are the same as those similarly marked m 
Fig 37* Let Ea ho the moon’s mean (both as to position 
and magnitude) radius-vector , so that a is the moon’s mean 
position. With coni^re a and radius describe the circle 


Fig 38 



shown in the Fig Eraw the radius ae parallel to E8, making 
the angle Jiae equal to aEB, or (j). Through e draw/M perpen- 
dicular to Ec 6 , then af is cos 0, or (since E/ is not sensibly 
different from Ee) the change in the length of the moon’s radius- 
vector, for assumed ^ , and fe is sin 0 Now if /M he to 
fe m the proportion of tho two P I coefficients 2' 5", or, in 
circular moaauio, to wiicli is 15 to 7, very nearly, then 
M is tho position of the moon for her assumed mean elongation 
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The point M describes, round a as centre, an ellipse which is as 
though it were rigidly attached to liCt, and thcrefoie lotatcs 
about its centre once a month pi ogrcssiy ely , its semi-axes major 
and minor, ag and ali^ being respoctivel} , and 

as ae rotates, relatively to ah, with the moon^s moan angulai 
velocity in elongation (not in longitude), tho ellipse is described 
retrogressively in a s} nodical month At tho time of conjunction 
the moon is at the point h of the ellipse, and laiihest fiom the 
eaith , at the time of opposition she is at % in tho ellipse, and 
nearest to the earth , and she describes tho ellipse with a bimplo 
harmonic motion relatively to each of tho puncipal axes of tho 
(rotating) ellipse 

We have been considering the matter fiom tho standpoint of 
an observer on the earth But it is only as seen from tho caith 
that the moon makes a complete circnit round a Since tho 
above ellipse, which is described once lu a synodical inoutli 
retrogiessively, rotates progiessively once in the same time, or 
otherwise more simplj^ since «/> is greater than &M, tho moon 
never makes an} ciicuit lound a lelati'vel} io li\cMl space, oi as 
viewed by a spectator looking at light anglers to tho piano ot lioi 
orbit She is always more or loss nearly on the sunw aid side of a 
Here, then, is the seeming kmcmatical paradox, as some might 
regard it at first sight (only), to which wo have already alluded , 
VIZ , that m describing the P I oihit tho moon is always neaily 
on the same side, speaking roughly, of her moan pla(»o^ Tho 
explanation of this is that a is the moon’s moan place relatively 
only to the earth about which sho is revolving 

The P I has, moreover, its own seomnig kinematical paradox 
precisely similar to that of the Yar considered at p 12 L 

In this we kave contemplated the PI as existing b} itself, 
but if we consider it as superposed on tho Yar , 05 must bo 
regarded as the moon’s position in tho Yar. orbit Tho inaccuracy 
involved in doing this is quite insensible 

TheP I disturbing forces are too complicated to be introduced 
with advantage into Pig 38 
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Note D, from p 137 — This will appear thus — ^Adopting 
equation (4), we have r=Il(l-i-c cose) , i being the coefficient 
3 f)i 0 ordinate \j at any point of the lunar P I orbit is 

sin e, or H (sm e + c cos e siii e), which is 11 (sm e+|<^ 2e) 

Ihoreforo (cos e + c cos 2e)d€ Eor y a maximum, 

cos fe== — c cos 2e= —(*(2 cos'^e — 1) This quadratic equation 

gives 

COS€=+/i / —4 

"V 2^1Gc^ 46’ 

which IS 

+ V 37+1-1 

46 

and this is 6, qumyi py ooc , and 

sin €«= Vi—6^ 

which IS 1 — q pi , on account of the exceeding smallness 
of G Hence y (or r sin e), at its maximum, is E(1 +c^)(l — 
and this is 11(1 + jc^), q pr 

Therefore, taking 11 as 238,820 miles, that maximum diameter 
IS longoi than the syzygy diameter, or 211, by IV, or 102 feet 
(Q E T) ) Said maximum diameter passes very nearly indeed 
through the middle point of the syz'^gj diameter, and conse- 
quently between the centre ol the earth and the sun, and thu 
does not coincide with the lino of quadratuios 

hfoTH E, from p 137 — The ladius of curvature p at conjunction 
may bo obtained thus — Lot e be an indefinitely small e or 
elongation , then we have by equation (4), for the radius-vector 
at conjunction, E (l+o), c being the coefficient as in last 
Note. The radius of curvature p=arc72(fall from tangent) 
But 

arc^ E“(l + cy sin^ and 

2 fall=2(5^-j76'^-B(l + 6co8e)), 
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E(1 + cy(l — oos^ g) COS e 
P ~ 2{ 1 — cos « + c(l - cos“ ej'f' 

Ed + c)^(] + QOS e) 003 e 

~ 2{T+c(I+coil)} 

When e vanishes this hecomes Similarlj, the radius 

oi curvature at opposition p' becomes 

These evidently diifer very slightly indeed fiom E, and from 
each other Taking E as 238,820 miles, and c as 0 000284, 
we find p — p = 1 39 inch 

Eote F, from p 137 — If we gave the proof here we should 
have to do it al initio, which would require much space But we 
may make the following observations on the subject The mode 
of production of the P I orbit is exceedingly different from that 
of the Yar orbit The scheme of Yar forces is symmetrical 
relatively to the Ime of syzygies and to that of quadratures , 
consequently they go through their period of change in half a 
synodical lunation But the scheme of P I forces is symmetrical 
relatively to the line of syzygies only , and consequently their 
period IS a whole lunation Eow a focal ellipse and the scheme of 
changing of the gravitation forces therein are symmetrical about 
one axis only, viz the apsidal, and the period of the changing 
forces IS that of one revolution of the body about the centre of 
force. It IS evident, therefore, that if there vere nothing in the 
conditions of the case to prevent it, the P I forces, when turned 
on to act on an originally circular lunar orbit, would go 011 
increasing indefinitely the deformation of the orbit, whatever 
the character thereof might be A moment’s consideration will 
show the nature of the deformation. Since the tangential forces 
are proportional to sin e — sin the magnitudes of those belong- 

ing to the lower two arrows in Fig 39 vary symmetrically on 
each side of the quadrature D , they are equal at equal distances 
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on both sides of that point Thorefore, since they are so ex- 
ceedingly small, their i 7 }ijijvlses are very nearly equiTalent, for 
oiir piescnt purpose, to a short sufficiently strong tangential 
impnlso acting at I) Therefore, as they are acting with the 
moon's motion, they tend to produce an apogee at the opposite 
Hide of the orbit very near B {Similarly, as the forces belonging 
to the two upper arrows in the same Fig aie acting against the 
moon's motion, their impulses would produce a perigee very near 
1 ), The outwardly-directed radial forces on the sunward side 
of the orbit tend to produce an apogee near B, and the inwardly- 


% 30 



directed ones on the othei side a pongee near D The conditions 
ot the focal elliptical oihit lend themselves compliantly to this, 
and if the disturbing foi cos cease to act, the deformation of the 
01 bit would continue (with a very slight alteration) The 
00 11 sequence is that if the P,I. forces could continue to act, 
without the sun’s relative revolution round the earth, the 
(M‘centnoity of the oibit would go on moroasing to a result which 
could not easily bo followed out , but probably until the moon 
iell upon the earth, the line of apses remaining in quadratures 
and fixed in space. But this latter is prevented by the sun’s 
relative annual revolution round the earth, which would dimmish 
the eccentricity, and thereby give to the line of apses a pro- 
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gressive angular movement, relatively to space, which would, at 
first, be slower than the sun’s , so that the sun would ho over- 
taking It By the time that the sun had overtaken it, the 
angular movement of the axis, which had hcon iiieroasing, though 
all the while less than that of the sun, would he hi ought up to 
equality with that of the sun , and it would thenceforth coiilinuo 
pointing to the sun Thus, owing to the Inifllnig conditions of 
the sun’s relative revolution loiiiid the eaith, Ihc result ot the 
action of the disturbing forces is exceedingly difloront from what 
it would otherwise he Nevertheless those forces are always 
tending to produce their own piopor effect, which is to make an 
apogee very near B, and a pongee neai D. But the very small 
effect that they can produce in one lunation, when compounded 
with that at conjunction, is only suffieiont to cause the latter to 
he always ahead of its position in tho jirccoding lunation, and to 
keep it moving progressively with the sun 

The P I orbit has been, for convciiioiice, and indeed in accord- 
ance with precedent, roughly spoken of as an ellipse , it being 
intended that the earth is at the focus, and that the apsidal 
diameter (in syzygies) is tho axis-major, with the apogee in 
conjunction The velocity of tho moon in tho P I orbit would 
accord very nearly indeed with this , but tho actual “ ellipse ” is 
one of a rather peculiar kind, in that its axis-majoi is slightly less 
than its width 

Note G, from p 139 — ^This follows fiom tho sohorao of P I 
forces in Fig 35, p 133, and from what is told us by equation 
(3), as mentioned in p. 137, taken in connection with tho prin- 
ciples of the apparent kincmatical paradox in Chapt. VII , p 121 

But as some persons may feel a difficulty in accepting this, it 
may he well to put tho aigumont together hero, though it bo a 
little repetition. By equation (3), tho moon is at her mean place 
at conjunction , therefore sho is there moving either with greatest 
or least velocity — which ’ At the preceding quadrature D she 
18 , by said equation, most before her moan place, and therefore 
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moYing "with mean velocity ; but, since she is back at her mean 
place at conjunction, ske has been losing velocity in tbe quadrant 
preceding conjunction. Therefore she is going with least velocity 
at conjunction. Similarly, on comparing first quadrature with 
opposition, we find that the moon is going with greatest velocity 
at opposition. Thus her velocity is at the maximum at opposition, 
at the mean at last quadrature, and at the minimum at con- 
junction ; that is, she has been losing velocity all through that 
semi-orbit ; though the solar tangential force has been all the 
while acting in consequential or along with her motion. 
Similarly she gains velocity all through the other semi-orbit ; 
though the solar tangential force has been acting in anteeedentia, 
or against her motion. 

We have, so far, been content with the general law of the 
change of the moon’s angular velocity in the P.I. orbit ; but the 
exact law can be obtained by differentiating equation (3). The 
coefficient, in that equation, as expressed in circular measure, 
oeing the actual vel.=the mean do. x(l— cos e). This 
equation shows, at a glance, that the velocity is least at con- 
junction, greatest at opposition, and at its mean at quadratures ; 
the opposite of what the solar tangential forces would cause by 
their immediate local action. 


Note H, from p. 141.— In Pig. 40, E is the earth’s place, ^ the 
curve ac a portion of the moon’s P.I. orbit, and de an indefinitely 
small increase of e, the moon’s elongation. Let 0 be the angle 
between the moon’s radius-vector and the curve at a, or the 
tangent thereto. 

Then E, the moon’s mean radius-vector, being taken as unity 
we have, for the actual radius-vector at a, by equation (4), 
r=l+coos€; whence 
(^r= — c sin € <^€. 

The earth’s mean attraction on the moon being, as well as R, 
taken for unity, the earth’s attraction at a is p, or l-2c cos e, 
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qimn prox , or sensibly 1 This multiplied by cos Q is th 
earth’s tangential foice at a 

Now cos 0=cotO, q pr differs so very slightly from a 

ah dr . csmetie 

right angle But cot 0 = and this is - ^ ^ 

or — f sin e, q jpr , or —0 000284 sm e , while tho sun’s tan- 


Fig 40 



gential force at a is +0 0000858(8in e — sm'^ e) (see Note A) 
Therefore the terrestrial is to the solar tangential force, at tho 
same point with the elongation e, as 3 31 sec^ c to 1 (Q ED) 
At quadratures, then, the terrestrial is infinitely greater, pro- 
portionally, than the solar tangential force, but this it can 
easily be, since at those points it is at its maximum, while the 
solar force is there zero 
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